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ABSTRACT

In nature and engineering applications, the Rayleigh–Taylor instability (RTI) occurs over a wide range of Atwood, Reynolds, Mach, and
Knudsen numbers. At low Atwood, Mach, and Knudsen numbers, the classic advective instability causes quasi-symmetric bubble and spike
growth on the two sides of the interface. However, recent findings suggest that at high degrees of rarefaction, advective effects are suppressed
and molecular diffusion leads to planar growth of the density fronts on either side of the interface. This study aims to investigate the flow
physics of the transition from advective to diffusive behavior, focusing on the onset of the kinetic effects. Using the gas kinetic methodology,
RTI is simulated over a range of Knudsen and Mach numbers in the transition regime. The simulation results reveal the various stages of
transformation from advective instability to diffusive transport. For the first time, the study demonstrates the existence of a Knudsen–Mach
parameter regime where the bubble side exhibits advective instability, while the other side shows a planar density front due to molecular dif-
fusion, rather than the canonical advective spike shape. The dominance of different mechanisms on the two sides of the interface leads to the
advective–diffusive asymmetry. The findings of this study can lead to a more comprehensive understanding of RTI over a wide range of
Mach and Knudsen numbers.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0240103

I. INTRODUCTION

Rayleigh–Taylor instability (RTI) manifests at the interface
between two initially segregated fluids of different densities subject to
the influence of an appropriate accelerating force.1,2 This hydrody-
namic instability occurs widely in nature (e.g., atmosphere, ocean sys-
tems, and astrophysics) and engineering flows (e.g., inertial
confinement fusion, materials processing, multi-phase flows, and com-
bustion systems).3–6 The RTI is characterized by intricate flow patterns
in the proximity of the interface, which lead to increased mixing
between the two fluids. At high-density ratios, the classical RTI devel-
opment is different on the sides, with sharper, more elongated struc-
tures on the light fluid side (“spikes”) and smoother, more rounded
structures on the heavy fluid side (“bubbles”). These structures become
increasingly similar at lower density ratios.

The nature of Rayleigh–Taylor instability (RTI), the resulting flow
pattern, and the mixing rate are highly influenced by the Atwood,
Reynolds, Mach, and Knudsen numbers of the flow. Wei and Livescu7

outline the various stages of single-mode RTI development at low-

density ratios, identifying a chaotic stage in the later phases of RTI
growth that depends on reaching a minimum Reynolds number thresh-
old. Bian et al.8 examine the effect of the Reynolds number on fully com-
pressible RTI, finding a threshold perturbation Reynolds number (Rep)
above which the bubble re-accelerates beyond the “terminal velocity”
that might occur even at large Atwood numbers. Investigating the effect
of compressibility on RTI is more challenging due to multiple influenc-
ing factors, including the type of background stratification and multi-
fluid effects. Weiland et al.9 study the impact of isothermal stratification
on RTI evolution, observing that instability growth saturates as the strat-
ification parameter increases, while Weiland et al.10 found that an iso-
choric background state leads to increased instability at higher Mach
number. Majumder et al.11 further consider the intrinsic compressibility
effects of an initial isochoric background state, discovering that increased
compressibility leads to enhanced destabilization and greater bubble–
spike asymmetry. This destabilization and asymmetry are attributed to a
rise in the mean pressure gradient with increasing compressibility,
resulting in enhanced baroclinic vorticity generation.
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The investigation of the kinetic (non-continuum) effects on the
RTI poses further challenges as effects not captured by the Navier–
Stokes equations start to play a role. The kinetic effects on flow dynam-
ics can be parameterized in terms of the Knudsen number, Kn, which
is the ratio of the molecular mean-free path (l) and the characteristic
length scale of the flow (L). Sagert et al.12 study the effect of Knudsen
number on RTI growth using direct simulation Monte Carlo (DSMC)
method. They find that increasing the Knudsen number causes RTI
growth to be more diffusive, and at high enough Knudsen numbers,
bubbles and spikes do not form. Due to the inherent limitations of
DSMC in the low Kn regime, Ref. 12 also reports observing certain
unphysical features in the transition regime.

Extensive studies have been conducted on RTI in the continuum
regime for both incompressible and compressible cases, elucidating
insights into canonical bubble and spike growth. However, research on
RTI in the rarefied regime is more limited. It has been recently
reported that at sufficiently high Knudsen numbers, the typical bubble
and spike structures fail to develop.12 The goal of this study is to exam-
ine the onset of kinetic effects on RTI in the transition regime between
the classical bubble–spike geometry to planar diffusion front behavior.
Toward this end, the paper addresses the following objectives:

1. Identify the appropriate metrics to quantify the advective, diffu-
sive, and pressure effects in the RTI flow.

2. Investigate the transition in the density contours from bubble–
spike to planar front shapes.

3. Establish the unique flow characteristics in the Kn–M transition
regime.

In this work, we simulate the single-mode Rayleigh–Taylor insta-
bility (RTI) evolution using the gas kinetic method (GKM). GKM uses
the Boltzmann equation to calculate the numerical fluxes instead of the
traditional Navier–Stokes Equations. It has been established that GKM
works well for continuum and transition flows for low Knudsen num-
bers (Kn< 0.01).13 Thus, this methodology is ideally suited for examin-
ing the transition regime going from continuum to weakly rarefied. In
our previous works, we have used GKM to study the onset of transition
effects in mixing layers14 and cavity flows.15 In future works, we plan to
investigate RTI at higher Knudsen numbers using the unified gas kinetic
scheme,16,17 which is valid for high degrees of rarefaction.

The paper is organized as follows. Section II presents the contin-
uum equations and the initial background state. Metrics quantifying
the advective, pressure, and diffusive effects are developed. In Sec. III, a
brief description of the gas kinetic method (GKM) is given. Validation
cases are also presented. The RTI simulation results over a range of Kn
and Ma parameters are presented in Sec. IV. The various regimes of
instability and corresponding flow mechanisms are also established.
Section V concludes the paper with a summary and major inferences.

II. GOVERNING EQUATIONS

The conservation equations of mass, momentum, and energy are
used to identify the metrics for advective, diffusive, and pressure
effects, which will be used to discuss the onset of kinetic effects on the
Rayleigh—Taylor instability,
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Under the assumption of ideal gas law, the pressure and total energy
can be written as

p� ¼ q�R�T�; (1d)

e� ¼ 1
2
u�i u

�
i þ c�vT

�: (1e)

The variables with superscript � represent dimensional quantities.
Here, q� represents the density of the flow, u�i is the velocity of the
flow, T� is the temperature, and p� is the pressure. g�i ¼ ½�g; 0; 0� is
the gravitational acceleration, and e� is the total energy of the flow,
comprising of kinetic and internal energies. R� and c�v are the specific
gas constant and specific heat capacity at constant volume, respec-
tively. The viscous stress tensor (r�ij) and heat flux vector (q�j ) can be
represented as follows:

r�ij ¼ 2l�S�ij �
2
3
l�
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q�j ¼ �j�
@T�

@x�j
: (3)

Here, l� and j� are the dynamic viscosity and the coefficient of ther-
mal conductivity of the fluid, respectively. dij represents the Kronecker
delta function. The governing equations are solved for a single-mode
RTI with an initial isochoric background state. This corresponds to the
initial density profile being constant away from the interface and takes
the following form:

q�0 ¼ q�l þ 0:5 1þ erf Yv
x�1
Lx�1

 !" #
ðq�h � q�l Þ; (4)

where q�h and q�l are the high and low densities, respectively. The
error function is used for a smooth jump at the interface between
the two densities (x1 ¼ 0). Yv is a parameter controlling the
shape of the error function and is set to 34.8,11 The density and

pressure at the interface are given by pI and qI (¼
q�hþq�l

2 ). The back-
ground pressure profile is determined from the initial hydrostatic
condition

p�0 ¼ pI � q�g�x�1 : (5)

Figure 1 shows the initial background density and pressure profiles. A
single mode of perturbation wavelength k is introduced at the inter-
face. The dimensional variables are normalized as follows:

q ¼ q�

qI
; p ¼ p�

pI
; T ¼ pI

qIR� ; ui ¼
u�iffiffiffiffiffiffiffiffi
Agk

p ; xi ¼
x�i
k
; (6)

where qI and pI are the density and pressure at the interface, respec-
tively, and k is the initial wavelength of the perturbation, and A is the
Atwood number defined below. The governing equations are then
written in non-dimensional form,
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¼ 0; (7a)
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The viscous stress tensor is defined by

rij ¼ 2lSij �
2
3
l
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dij; Sij ¼
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: (8)

Here, j ¼ j�=jr ; l ¼ l�=lr , and cv ¼ c�vðc� 1Þ=R� are the non-
dimensional heat conduction coefficient, dynamic viscosity, and spe-
cific heat at constant volume, respectively, and c is the ratio of specific
heat. Based on the reference quantities, the non-dimensional

parameters governing the instability growth are the perturbation
Reynolds number, Atwood number, Mach number, Froude number,
and Prandtl number,

Re ¼ qIk
lr

ffiffiffiffiffiffiffiffi
Agk

p
; A ¼ q�h � q�l

q�h þ q�l
; M ¼

ffiffiffiffiffiffiffiffiffi
qIgk
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s
;

Fr2 ¼ Agk
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¼ A; Pr ¼ lrcR
�

jrðc� 1Þ :
(9)

The Reynolds number (Re) is based on the length scale k and gravita-
tional wave speed,

ffiffiffiffiffi
gk

p
, as the velocity scale. The Atwood number (A)

represents the initial density jump at the interface and is related to the
strength of the driving buoyancy force. The Mach number (M) is the
ratio between the gravitational wave speed and the isothermal speed of
sound. This particular definition of Mach number for RTI stems from
the linear analysis of Livescu18 and represents the static compressibility
effects. A perturbation Reynolds number can also be defined as

Rep ¼ qIk
lr

ffiffiffiffiffiffiffi
Agk
1þA

q
based on the terminal velocity from buoyancy-drag

models.7 Since the factor ð1þ AÞ is the same for the simulations con-
sidered here and does not appear in the other scalings, it was left aside
from the discussion in this paper for simplicity. The onset of kinetic
effects on RTI is measured using the Knudsen number, which is
defined based on the ratio of the wavelength of the initial perturbation
(k) and the molecular mean-free path (l),

Kn ¼ l=k: (10)

The molecular mean-free path can be related to the kinematic viscosity
(�) and flow speed of sound (c),19

l ¼ �

c

ffiffiffiffiffi
pc
2

r
: (11)

Taking � ¼ lr=qI and c ¼
ffiffiffiffiffi
cpI
qI

q
, this relationship can be rewritten in

terms of the non-dimensional numbers Re,M, and A,

Kn ¼ M
ffiffiffiffi
A

p

Re

ffiffiffi
p
2

r
: (12)

The Knudsen number typically reflects kinetic effects (or depar-
ture from continuum approximation) on a flow. These effects on flow
instabilities have been considered on various flow instabilities, includ-
ing Taylor–Couette flow,20 Kolmogorov flow,21 Rayleigh–Benard
Flow,22–24 and Kelvin–Helmholtz instability.14 These studies demon-
strate a stabilization effect of increasing departure from continuum
limit on instability growth. Large Kn effects can occur as the molecular
mean-free path becomes large (e.g., rarefied flows as encountered in
high altitude flight or reentry to the atmosphere). In the context of RTI
occurring inside an inertial confinement fusion (ICF) capsule, the
kinetic effects manifest through an increase in Knudsen number due
to the exceedingly small flow length scale. Nevertheless, both situations
fall under the purview of high Knudsen number flows.

III. METHODOLOGY

The foregoing analysis was based on the continuum governing
equations. This section elaborates the gas kinetic method (GKM),
which is used to perform direct numerical simulations of single-mode

FIG. 1. Initial background profiles for (a) density and (b) pressure.
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Rayleigh–Taylor instability.19,25–27 GKM is a kinetic-based finite vol-
ume approach used for solving highly compressible and rarefied non-
equilibrium flow problems.

The Boltzmann equation describes the transport of a single-
particle distribution function f ð~x;~c; tÞ

@f
@t

þ~c � rf þ~a � rcf ¼
g � f
s

; (13)

where~x is the position,~c is the velocity,~a is the particle acceleration
due to external force, and t is the time. The collision timescale is repre-
sented by s. The function f resides in a six-dimensional phase space
comprising three spatial coordinates and three velocity coordinates.
The term on the RHS (ð@f@tÞcollisions) is modeled using the Bhatnagar–
Gross–Krook model28), where g is the Maxwellian distribution. The
Boltzmann-BGK model is employed in the current method to obtain
the numerical fluxes. The details of GKM can be found in Refs. 19, 25,
and 26. Here, we highlight the main features. The conservation equa-
tion can be cast in a finite volume formulation as follows:

@

@t

ð
X
U dx þ

þ
A

~F � d~A ¼ 0; (14)

where the vector U contains the conservation variables ½q; qui; qe� and
F is the flux of the variables U. A fifth-order weighted essential non-
oscillatory scheme (WENO)29 scheme is used to interpolate the cell-
centered variables to compute the cell face quantities. The fluxes of the
conservative variables are calculated as follows:

Fiþ1
2
¼ Fq; Fqui ; Fqe½ �T ¼

ð1
�1

ciwf ðt; ci; nÞ dN; (15)

where the fluxes of the three conserved quantities, mass, momentum,
and energy, are given by Fq; Fqui ; and Fqe, respectively. These fluxes

are calculated as moments of the particle distribution function f. dN
¼ dc1dc2dc3dn is an elemental volume in the phase space, where n is
the internal degrees of freedom. The integration process encompasses
velocity coordinates within the phase space as well as all other internal
degrees of freedom. Denoting w as the vector of moments correspond-
ing to the fluxes of each conserved quantity,

w ¼ 1; ci;
1
2
ðc21 þ c22 þ c23 þ n2Þ

� �
: (16)

The B-BGK equation is solved using the method of characteristics to
obtain f at the cell interface. After solving for f, we update the macro-
scopic values at the cell center based on the fluxes as follows:

Unþ1
i ¼ Un

i � 1
Dx

ðtþrt

t
ðFiþ1=2ðtÞ � Fi�1=2ðtÞÞ dt

� 1
Dy

ðtþrt

t
ðGiþ1=2ðtÞ � Gi�1=2ðtÞÞ dt

� 1
Dz

ðtþrt

t
ðHiþ1=2ðtÞ � Hi�1=2ðtÞÞ dt: (17)

FIG. 2. Computational setup of two-dimensional single-mode RTI. The high-density
fluid is denoted by qh and low-density fluid by ql. The domain lengths in the x1 and
x2 directions are k and 8k, respectively.

FIG. 3. Density perturbation in 2 and 3D.
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A. Computational setup

The computational domain describing the setup for the numeri-
cal simulations is shown in Fig. 2. The high-density fluid (qh) is posi-
tioned above the low-density fluid (ql). A single-mode perturbation is
given at the interface between the two fluids. For two-dimensional
cases, the perturbation takes the following form, with wavelength k:

q0 ¼ B cos
2px2
k

� �
: (18)

Similarly, for three-dimensional cases, the density perturbation can be
written as

q0 ¼ B cos
2px2
k

� �
þ cos

2px3
k

� �� �
: (19)

B is the amplitude of the perturbation. Figure 3 shows the shape of the
density perturbation in two and three dimensions. Periodic boundary
conditions are applied in the horizontal directions. Navier–Stokes
characteristics boundary conditions are applied in the vertical direc-
tions to treat the acoustic waves traveling away from the domain prop-
erly.30,31 Table I gives the range of non-dimensional numbers chosen
for the simulations presented here. All simulations have A¼ 0.8.
Different Mach numbers are achieved by changing the pressure at the
interface (pI). Different Knudsen numbers are achieved by changing
the kinematic viscosity, which corresponds to a change in the molecu-
lar mean-free path. This specific range of Knudsen and Mach numbers
is chosen to encompass the continuum to the onset of the kinetic
regime.

TABLE I. List of parameters for the simulations considered in this study. All simula-
tions have A¼ 0.8.

Kn M Re
Dominant bubble side
growth mechanism

Dominant spike side
growth mechanism

Two-dimensional simulation
0.35 255.06 Advective Advective

0.002 0.2 145.71 Advective Advective
0.1 72.81 Advective Advective
0.35 102.03 Advective Advective

0.005 0.2 58.30 Advective Advective
0.1 29.15 Diffusive Diffusive
0.35 72.88 Advective Advective

0.007 0.2 41.64 Advective Diffusive
0.1 20.81 Diffusive Diffusive
0.35 51.01 Advective Advective

0.01 0.2 29.15 Diffusive Diffusive
0.1 14.57 Diffusive Diffusive
0.35 40.41 Advective Diffusive

0.0126 0.2 23.13 Diffusive Diffusive
0.1 11.55 Diffusive Diffusive

Three-dimensional simulation
0.007 0.2 41.64 Advective Diffusive
0.0126 0.35 40.41 Advective Diffusive

FIG. 4. Convergence study for bubble and spike heights at Kn¼ 0.0126, M¼ 0.35,
and A¼ 0.8.

FIG. 5. Comparison of the evolution of bubble speed with Bian et al.,8 for
Rep ¼ 1000;M ¼ 0:0855, and A¼ 0.8.
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A comprehensive convergence and validation study was done by
Majumder et al.11 at low Atwood number. Here, we provide additional
convergence and validation results for a higher Atwood number
(A¼ 0.8). Figure 4 shows the bubble and spike heights for two differ-
ent mesh sizes. While the bubble height shows some minor differences
between the two grids, the spike height essentially overlaps.
Consequently, grid resolutions of 128�1024�4 and 128�128�1024
points have been used to perform the two- and three-dimensional sim-
ulations, respectively. Figure 5 shows the comparison between bubble
speed evolution in the current work with Bian et al.8 It is seen the bub-
ble growth is well captured in the exponential growth region, and well
into the potential flow growth zone.

IV. KINETIC AND COMPRESSIBILITY EFFECTS

This section discusses the influence of Knudsen and Mach num-
bers on the growth of RTI at the onset of kinetic effects. Based on the

Knudsen number, RTI growth is categorized into three regimes: advec-
tive, diffusive, and intermediate (or advection–diffusion).

A. Flow mechanisms

The momentum equation in the vertical direction is analyzed to
elucidate the fundamental flow mechanism underlying the onset of
RTI growth. The momentum equation is written from Eq. (7b) in the
vertical direction (i¼ 1),

@qu1
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þ @qu1uj
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This equation can be rewritten in non-conservative form as
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viscous

;

(21)

where r is the stress in the vertical direction given by

FIG. 7. Evolutions of bubble and spike heights at Kn¼ 0.002 and different Mach
numbers.

FIG. 6. Density contours are shown for cases with Kn¼ 0.002 at two different
times: s ¼ 2:25 in (a)–(c) and s ¼ 4:5 in (d)–(e).
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r ¼ @2u1
@x2@x2

þ 1
3

@2u2
@x2@x1

þ 4
3

@2u1
@x1@x1

� �
: (22)

As demonstrated by Eqs. (20)–(22), the transport of momentum
depends on three fundamental flow mechanisms: advection, pressure,
and viscous action. These processes are explicitly written as follows:

Adðx1; x2; tÞ ¼ �u2
@u1
@x2

� u1
@u1
@x1

� �
; (23)

Pðx1; x2; tÞ ¼ � 1
q

1
cAM2

@p
@x1

� 1
Fr2

� �
; (24)

Dðx1; x2; tÞ ¼
Kn

M
ffiffiffiffi
A

p
ffiffiffi
2
p

r
r
q

� �
dt ¼ 1

T
1
Re

ðT
0

r
q

� �
: (25)

Equation (25) shows that increasing Re has decreases the magni-
tude of the viscous stress. Additionally, increasing Mach number
inhibits diffusive action for a given Knudsen number. The fundamen-
tal processes are compared based on spatial averaging in the periodic
directions,

hT iðx1; tÞ ¼
1
k

ðk=2
�k=2

T ðx1; x2; tÞ dx2; (26)

where hT i represents the average of a quantity T . These averages can
be written for advective, diffusive, and pressure terms as follows:

hAdiðx1; tÞ ¼
1
k

ðk=2
�k=2

Adðx1; x2; tÞ dx2; (27)

hPiðx1; tÞ ¼
1
k

ðk=2
�k=2

Pðx1; x2; tÞ dx2; (28)

hDiðx1; tÞ ¼
1
k

ðk=2
�k=2

Dðx1; x2; tÞ dx2: (29)

FIG. 9. Comparisons of fundamental physical processes [Eqs. (27) and (29)] for
Kn¼ 0.002 at times: s ¼ 2:25 in (a)–(c) and s ¼ 4:5 in (d)–(e).

FIG. 8. Evolution of mixing layer width at Kn¼ 0.002 for different Mach numbers.
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To assess a cumulative effect of these processes over time, correspond-
ing integral quantities are also listed as follows:

hAi
diðx1; T Þ ¼ 1

k

ðk=2
�k=2

1
T

ðT
0
Ad dt dx2; (30)

hPiiðx1; T Þ ¼ 1
k

ðk=2
�k=2

1
T

ðT
0
P dt dx2; (31)

hDiiðx1; T Þ ¼ 1
k

ðk=2
�k=2

1
T

ðT
0
Ddt dx2: (32)

Several metrics have been used in previous studies to quantify the
growth of bubble and spike heights. These include the location of the
maximum density gradient along the bubble/spike axis,8,11 location of
1% and 5% of mean density values.9,32 For this study, the 5% thickness
definition is chosen as it proves to be the most robust across all the
regimes considered in this paper.

B. Advective regime

Figure 6 shows the density contours for different Mach num-
bers. Canonical RTI occurs on both the bubble and spike sides in
this regime. An initial diffusive stage is evident at lower Mach
numbers (low Re). With higher Mach numbers, inertial effects
occur faster, resulting in faster development of bubble–spike
growth. The bubble–spike asymmetry becomes more pronounced
with increasing Mach number, particularly evident for M¼ 0.35,
where the spike has descended almost twice the distance than the
bubble has.

The evolutions of bubble and spike heights are depicted in
Fig. 7 for Kn¼ 0.002. The destabilizing nature of compressibility, at
this Kn value, can be seen in these figures. An increase in bubble–
spike asymmetry is also exhibited with increasing Mach number. For
the lowest Mach number, the distances descended (ascended) by the
spike (bubble) are almost similar by s¼ 6. Meanwhile, for the high-
est Mach number, spike descension is seen to be greater than bubble
ascension.

In Sec. IVA, different flow mechanisms describing the transfer of
momentum in the vertical direction were described. Equation 25 indi-
cates a decrease in viscous diffusion with increasing Mach number for

FIG. 10. Density contours are shown for cases with Kn¼ 0.0126 at two different
times: s ¼ 4:5 in (a)–(c), s ¼ 11:7 in (d)–(f).

FIG. 11. Evolution of bubble and spike heights for Kn¼ 0.0126 for different Mach
numbers.
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a given Knudsen number. Here, the profiles of the individual mecha-
nisms are shown to portray the effect of Mach number. Figure 8 delin-
eates the particular mechanisms involved. At early time (s ¼ 2:25),
the effect of viscous diffusion is seen to decrease with increasing Mach
number (Reynolds number). The diffusion process exhibits an asym-
metric effect, with a greater influence observed on the spike side than
on the bubble side. This asymmetry arises due to the presence of den-
sity in the denominator on the right hand side of Eq. (25). Thus, the

low-density side of the instability occurs on the spike side, while the
density is larger on the bubble side, changing the relative magnitude of
the viscous term. The decrease in diffusive effects is accompanied by a
rise in advective effect as the Mach number increases. At a late time
(s ¼ 4:5), the effect of viscous diffusion drastically decreases with
increasing Mach number. Advection dominates over diffusion at all
Mach numbers, sustaining canonical instability on both the bubble
and spike sides. Figure 9 summarizes the effect of compressibility on
the total growth of the mixing layer (bubble plus spike heights). An
increase in the mixing layer width is observed with increasing
compressibility.

In summary, at Kn¼ 0.002, it is seen that canonical instability
growth occurs, with typical bubble and spike development.
Compressibility has a twofold effect: an increase in advective processes,
which is in corroboration with Majumder et al.11 and a corresponding
decrease in diffusive action, as seen from Eq. (25) where the Mach
number appears in the denominator of the viscous term.

C. Diffusive regime

At larger Knudsen numbers, the instability lies in the diffusive
regime, as can be seen in the density contours shown in Fig. 10 for
Kn¼ 0.0126. Two types of instability growth are observed at low and
high Mach numbers. At initial times, similar to previous regimes, an
initial diffusive phase is evident for all three Mach numbers. The rate
of diffusion decreases with increasing Mach number. At later times,
for the lowest Mach number, both the bubble and spike sides continue

FIG. 13. Comparisons of fundamental physical processes [Eqs. (27) and (29)] for
Kn¼ 0.0126 at times: s ¼ 4:5 in (a)–(c) and s ¼ 11:7 in (d)–(f).

FIG. 12. Evolution of mixing layer width heights for Kn¼ 0.0126 for different Mach numbers.
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to show pure diffusion. The diffusion occurs asymmetrically, with the
spike side showing greater diffusive mixing than the bubble side. The
spike side continues to diffuse for higher Mach numbers, although less
prominently than for M¼ 0.1. The bubble side begins to show advec-
tive growth at higher M values.

Figure 11 shows the bubble spike heights for Kn¼ 0.0126. Both
bubble and spike growths diminish with increasing Mach number (or
increasing Reynolds number). The bubble–spike asymmetry in diffu-
sion growth is evident. The spike is seen to diffuse almost twice the
length of what the bubble diffuses. Figure 12 compares the advective
and diffusive processes defined by Eqs. (27) and (29) at this Knudsen
number. At an earlier time, the diffusive process surpasses the advec-
tive process for both the bubble and spike sides. At later times, the
advective process begins to increase its contribution, at a higher rate
for higher Mach numbers. Viscous diffusion still dominates over
advective processes on the spike side for all Mach numbers. The
increase in advection contribution on the bubble side causes canonical
bubble growth at higher Mach numbers. Figure 13 summarizes the
Mach number effect on the total layer width growth (bubble plus
spike) and shows that in the diffusive regime, mixing layer growth
decreases with compressibility.

FIG. 14. Density contours are shown for cases with Kn¼ 0.007 at three different
times: s ¼ 2:25 in (a)–(c), s ¼ 9:9 in (d)–(f), and s ¼ 12:6 in (g)–(i).

FIG. 15. Evolution of bubble and spike height for Kn¼ 0.007 at different Mach
numbers.
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In summary, at Kn¼ 0.0126, a departure from canonical bubble–
spike growth is seen. The two-fronts take on planar shapes, departing
from the typical bubble–spike shapes in the canonical RTI. It can be
inferred from Eq. (21) that with increasing Knudsen number, the influ-
ence of viscous diffusion escalates. The domination of the diffusive
transport over advective growth results in planar, rather than bubble–
spike fronts.

D. Advective–diffusive regime

Figure 14 presents the density contours for Kn¼ 0.007. Three dif-
ferent kinds of instability growth are observed at different Mach num-
bers. At the lowest Mach number, both the bubble and spike side
exhibit diffusive growth. The spike side demonstrates a more pro-
nounced diffusive character, as identified by its less defined front com-
pared to the bubble side. Consequently, mixing at the spike front is
more than at the bubble front. For the intermediate Mach number,

FIG. 16. Evolution of mixing layer width for Kn¼ 0.007 at different Mach numbers.

FIG. 17. Comparisons of fundamental physical processes [Eqs. (27) and (29)]
for Kn¼ 0.007 at times: s ¼ 2:25 in (a)–(c), s ¼ 9:9 in (d)–(f), and s ¼ 12:6 in
(g)–(i).
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initial diffusive growth is observed on both the bubble and spike sides.
At a later time, the spike side continues to show diffusive growth, but
the bubble front begins to develop a canonical instability shape. For
the highest Mach number, an initial diffusive zone is evident, followed
by the development of canonical instability on both the bubble and
spike sides at later times.

The evolution of bubble and spike heights at different Mach
numbers is depicted in Fig. 15. In the initial diffusive phase, increasing

the Mach number (corresponding to decreasing the Reynolds number)
reduces diffusive growth for both the bubble and the spike sides. The
length diffused by the spike side is also more than that of the bubble
side, corresponding to the bubble–spike asymmetry identified earlier
in the diffusive regime. At later times, for the highest Mach number, a
sharp increase in bubble and spike growth is seen compared to the dif-
fusive growth. The canonical growth appears earlier on the bubble side
than on the spike side.

FIG. 18. Evolution of instantaneous profiles [Eqs. (27)–(29)] of the fundamental pro-
cesses for Kn¼ 0.0126 and M¼ 0.1.

FIG. 19. Evolution of integral [Eqs. (30)–(32)] profiles of the fundamental processes
for Kn¼ 0.0126.

FIG. 20. Density contours are shown for cases with Kn¼ 0.0126 and M¼ 0.35 at a
planar location x2 ¼ k=4 in (a)–(c).

FIG. 21. Comparison between the evolution of bubble and spike heights
(hb ¼

h�b
k ; hs ¼

h�s
k , where � quantities are dimensional) for two- and three-

dimensional RTI for (a) and (b) Kn¼ 0.0126 and M¼ 0.35 and in (c) and (d)
Kn¼ 0.007 and M¼ 0.2.
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The profiles of the advective and diffusive contributions defined
in Eqs. (27) and (29) are shown in Fig. 16. At early times, viscous diffu-
sion dominates over advection on both the spike and bubble side, cor-
responding to initial diffusive growth. The effect of viscous diffusion is
more prominent on the spike side, with the magnitude of the peak
decreasing with increasing Mach number. At intermediate times, three
different trends for the profiles are observed. For low Mach numbers,
viscous effects continue to prevail over advective effects on both sides.
The difference is more prominent on the spike side, enhancing diffu-
sive growth. Intermediate Mach numbers show a slight increase in
advection on the bubble side, indicating the onset of instability growth.
Viscous diffusion is dominating on the spike side. For the highest
Mach number, advective processes take a dominant role on both sides.
At later times, for the intermediate Mach number, advection domi-
nates over diffusion on the bubble side only. Figure 17 shows the evo-
lution of the total mixing layer width (bubble plus spike) at different
Mach numbers. In the low Mach number regime (M< 0.2), the
mixing-layer width decreases with increasingM. At higher Mach num-
bers (M¼ 0.35), the mixing layer grows slowly initially under the influ-
ence of diffusion. However, at later times, the instability manifests and
the mixing-layer growth is rapid surpassing lower Mach number evo-
lution rates.

In summary, at Kn¼ 0.007, the bubble side exhibits canonical
advective growth, whereas the spike side evolution is diffusion-
dominated resulting in a planar density front. This asymmetric behav-
ior can be understood from examining Eq. (21), wherein the density
appearing in the denominator of the viscous term changes the relative
importance of diffusive compared to advective effects. Thus, on the
spike side, the lower density leads to the dominance of diffusive effects,
while on the bubble side, the higher density makes diffusive transport
being less influential than advective effects.

E. Role of pressure

We now examine the role of pressure. Figure 18 illustrates the
profiles of advection, diffusion, and pressure processes [Eqs. (27)–(29)]
at early times. At each instant of time, the magnitude of the pressure-
term appears comparable to inertial and viscous effects. It is also evi-
dent that, at a given x1 location, the pressure-term exhibits wavelike
behavior. To examine the cumulative effect of pressure over time, the
integral quantities [Eqs. (30)–(32)] are shown in Fig. 19. The figures
clearly show that the cumulative pressure contribution decreases most
rapidly, and has the least effect on the evolution of the density fronts.
A thorough examination of other cases confirm that the nature of the
late time evolution of the density fronts (at high Mach and Knudsen
numbers) is determined by the competition between advective and dif-
fusive effects, with pressure plays a minimal role.

V. THREE-DIMENSIONAL EFFECTS

To understand if the advective–diffusive regime identified above
is restricted to the two-dimensional case, the role of kinetic effects on
three-dimensional RTI is examined in this section with the same
Knudsen number as in Sec. IVD. A comparison is also made with
two-dimensional simulations with the same effective wavelength as the
three-dimensional ones. The density perturbation for these cases is
represented by

q0 ¼ B cos
2px2ffiffiffi
2

p
k

� �
: (33)

Figure 20 shows the density contours for three-dimensional RTI
at similar times and at the highest Mach number considered in
Sec. IVD, where the advective diffusive regime is identified.
Similarly to the two-dimensional case, the spike side is seen to have a
planar front, hence exhibiting diffusive growth. The bubble side,
however, is initially diffusive but becomes advective at later times.
Hence, the advective–diffusive asymmetry seen in the two-
dimensional cases is carried over to three dimensions as well. This dem-
onstrates the similarity of instability dynamics in two and three dimen-
sions for the problem considered here.

Figure 21 compares the bubble and spike height evolution for
two-dimensional and three-dimensional cases for two different sets
of M–Kn values in the advective–diffusive regime. The growth rate
on the spike side is similar in two and three dimensions, portraying
the universality of diffusive growth regardless of dimension. On the
bubble side, initial diffusive growth coincides, but at later times,
advective growth in three dimensions surpasses that in two dimen-
sions. This effect remains even if the effective wavelength between
two and three dimensions is the same. Hence, the increase in growth
rate for three-dimensional bubble growth is attributed to dissimilar
vortex structures in 2 and 3D. For example, Fig. 22 portrays vortex
ring formation in 3D RTI. At the same time, Fig. 22(a) shows the iso-
surface of vorticity magnitude in the 3D RTI case, which resembles a
vortex ring. It is well known from potential theory that vortex rings
self-propagate faster than vortex pairs, which provides an intuitive
explanation for the faster growth seen in Fig. 21 for 3D RTI bubble
side compared to 2D RTI.

VI. SUMMARY AND CONCLUSION

This paper seeks to bridge the knowledge gap regarding the
behavior of the interfacial Rayleigh–Taylor instability (RTI) in the

FIG. 22. Vortex ring in 3D RTI at s ¼ 14:85.
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transitional regime between continuum and rarefied flows. The classi-
cal RTI featuring bubble and spike structures occurs in the low Mach
number continuum regime. This canonical RTI has been well investi-
gated in the literature with experimental and computational studies.
Recently, it was shown using DSMC simulations that the bubble–spike
structures are suppressed at high degrees of rarefaction. Instead, the
density contours propagate on either side of the interface as planar dif-
fusion fronts. In this work we establish, for the first time, the existence
of an intermediate Knudsen–Reynolds number parameter regime in
which the flow exhibits a mixed behavior. The bubble side grows as in
the continuum case, and yet, simultaneously, the spike side of the
interface exhibits planar density contours as in the case of rarefied
regime. This is unexpected, since at the high Atwood number consid-
ered here (A¼ 0.8), classical RTI exhibits much faster growth on the
spike side. To explain the observed behavior, metrics that quantify the
effects of advection, diffusion, and pressure effects are developed. It is
then demonstrated that in the continuum regime, the advective phe-
nomenon drives the dynamics on either side of the interface. As
expected, in the fully rarefied regime, diffusive effects determine the
evolution. In the intermediate regime, advective effects dominate on
the bubble side, while the diffusive effects are more prominent on the
other side. This advective–diffusive asymmetry leads to significant dif-
ferences in the manner of the density front evolution on the two sides
of the interface. The Knudsen–Mach number parameter range of the
occurrence of the advective–diffusive asymmetry is established. Future
work will focus on characterizing the RTI at higher Mach and
Knudsen numbers using the unified gas kinetic scheme.
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