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a b s t r a c t
In nature, variability in the short crack (SC) growth rate is observed in polycrystalline
materials, in which the evolution and distribution of the local plasticity is strongly
inﬂuenced by microstructural features. Sets of different microstructure realizations are
constructed, simulated and analyzed using an elasto-viscoplastic crystal plasticity model,
in order to investigate the inﬂuence of some microstructure parameters on SC behavior
through postulated Micromechanical Short Crack Driving Force Metrics (MSCDFMs). The
results of the analysis will identify a preferred MSCDFM and then, we will close the loop
hypothesizing a relationship between microstructure variability, uncertainty in fatigue
behavior prediction, and MDCFMs heterogeneity.
Ó 2015 Elsevier Ltd. All rights reserved.

1. Introduction
The Paris law for fatigue crack growth considers a long crack, deﬁned in the case the material can be considered homogeneous and the plastic zone ahead of the crack tip is small compared to the characteristic length of the specimen [1]. On the
other hand, short crack growth is signiﬁcantly inﬂuenced by the microstructure of the material, and this inﬂuence needs to
be quantiﬁed for accurate life prediction. The ﬁrst authors to investigate microstructural short crack (for brevity we will refer
to it as SC) growth were McEvily and Boettner [2], speciﬁcally observing that the short crack growth rate is dependent on
grain orientation. Short crack advancement can be idealized as series of slip processes [3], with the criterion for dislocation
emission from the crack tip outlined by Rice and Thomson [4]. Subsequently Yoder et al. [5] investigated the inﬂuence of
grain size on the variability of the stress intensity factor threshold value ðDK th Þ in polycrystalline materials, ﬁnding that it
increases proportionally to the square root of the average grain size. Navarro and de los Rios [6] proposed a model for
SCG in which they assumed that the extent of the plastic zone ahead of the crack tip is conﬁned by the ﬁrst obstacles for
dislocation motion, i.e. grain boundaries (GBs), and that growth rate depends on the distance between the crack tip and
the obstacle itself. These studies suggest that microstructural parameters, e.g. grain orientation, grain size, distance of the
crack tip from obstacles, etc., strongly inﬂuence the SC growth rate. Further, since each engineering alloy has a distribution
of microstructure attributes, these features play a crucial role in determining microstructure variability in the SCG behavior.
The aim of the present work, and also its novelty, is to begin to investigate the relationship between the variability of certain
⇑ Corresponding author.
E-mail address: msangid@purdue.edu (M.D. Sangid).
http://dx.doi.org/10.1016/j.engfracmech.2015.03.001
0013-7944/Ó 2015 Elsevier Ltd. All rights reserved.

266

A. Rovinelli et al. / Engineering Fracture Mechanics 138 (2015) 265–288

Nomenclature
a
crack length
C
stiffness tensor
hab
hardening interaction matrix
k
Fatemi–Socie weight parameter for normal stress
m
slip direction vector
D1; D3; D5 MSCDF representing slip system with the maximum accumulated plastic resolved shear-strain, total accumulated plastic resolved shear-strain in a voxel, and maximum accumulated plastic shear strain amongst planes
subjected to tensile normal stresses, respectively
E1; E3; E5 energetic MSCDF equivalent of D1; D3; D5, respectively
Emax
Imposed maximum macroscopic strain tensor
imposed
M
symmetric par of the Schmid’ tensor
n
normal to the slip plane vector
NMSCDFM total number of MSCDF
Nsim
total number of realizations
Simposed Imposed macroscopic stress tensor
x
global Cartesian position
r
Cauchy stress tensor
a
slip system index
c_ a
shear strain rate for ath slip system
c_ 0
single crystal reference shear strain rate
Ca
accumulated shear strain on the ath slip system
Cahard
weighted sum of accumulated plastic shear strain
Dt
time increment
Dh
minimum absolute value of misalignment between the FIP maximum direction and adjacent slip-plane/principal
stress axis at a given strain level
Dh
average misalignment between the FIP maximum direction and adjacent slip-plane/principal stress axis through
all the realizations at a given strain level
Dh
averaged FIPs maximum direction angle and adjacent slip-plane/principal stress axis through all the different
FIPs at a given strain level
e; epl ; e_ pl Lagrangian strain, plastic strain, plastic strain rate tensor
h
maximum FIP direction on the plane perpendicular to the crack plane passing through the ellipse small axis
h0 ; h1
single crystal stiffness ab initio and asymptotic
rpn
normal stress acting on slip plane p
s; sCRSS resolved and critical resolved shear stress
s0 ; s1
single crystal reference critical resolved shear stress ab initio and asymptotic
u
maximum FIP direction in the crack plane

microstructure features (i.e. grain orientation), local computed micromechanical ﬁelds associated with SC growth rate and
hypothesized Micromechanical Short Crack Driving Force Metrics (MSCDFMs), using high-resolution simulations, and then
postulating a relationship between SC growth rate and MSCDFMs. Speciﬁcally, the effect of the orientation of the cracked
grain and the crack length on various MSCDFMs that involve local stress and strain ﬁelds are studied.
In recent years, researchers have started to use crystal plasticity (CP) models (e.g. Asaro [7]) combined with powerful
computational tools, allowing researchers to study the effect of the local microstructure features on the local stress and
strain ﬁelds, to attempt to model the effect of microstructural parameters on SC behavior. Building upon the model proposed
by Navarro and de los Rios [6], Wilkinson [8] studied the interaction between the crack tip and the closest GB, as a function of
distance. Their results showed that while the crack tip is in the core of a grain, the growth rate is almost constant, and, as the
crack impinges upon a GB, the growth rate is dependent on the neighboring grain’s misorientation. Several other authors
implemented 2D CP simulations on simpliﬁed microstructures. Ferrie et al. [9] investigated the relationship between
Stage I crack growth rate and the orientation of the neighboring grain through the calculation of crack tip opening displacement and crack tip sliding displacement, ﬁnding an orientation dependence. Potirniche et al. [10] showed that variability in
SC growth rate could be reproduced in simulations changing the orientation of the neighboring grain. These studies serve as
the basis for understanding complex SC behavior and emphasize the need to explore the complete space of complex 3-D
behavior, due to the interaction of multiple microstructure attributes, such as grain clustering which constitutes an important feature for fatigue analysis [11,12].
To achieve a better understanding of the physics of SC growth, many researchers investigated the role of dislocations.
Experiments conducted by George and Michot [13] show that the most common source of dislocations at the crack tip, is
one that emits dislocations with multiple Burgers vectors on different glide planes simultaneously. To simulate this behavior,
many researchers have utilized molecular dynamics (MD) simulations. Bitzek and Gumbsch [14] and Zhang and Ghosh [15]
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investigated the dependence of dislocation emission, multiplication and interaction at the crack tip in a single crystal. These
simulations showed the importance of dislocation type and crystal orientation on crack growth. Moreover, Sangid et al. [16]
investigated the role of GBs in slip transmission and dislocation nucleation, observing that the GB character introduces variability in the response of the material. All these behaviors need to be taken into account to predict material performance
during SC growth in polycrystalline materials, which is the aim of this study.
Distribution of microscopic features, such as grain shape/size/orientation, precipitate and ﬂaws within a material, dictates
the variability in macroscopic performance, ranging from yield stress to low/high cycle fatigue life. Irwin [17] was the ﬁrst to
point out how fracture toughness depends upon plastic behavior ahead of the crack tip. Subsequently, Rice and Thomson [4]
proposed a model that could account for stress relaxation and crack blunting based on dislocation emission at the crack tip.
Recent MD simulations [18] of the plastic behavior at the crack tip showed agreement with the theory discussed by Irwin
and Rice. Drawing upon these simulations, Argon [19] and Giannattasio and Roberts [20] investigated how the mobility
of dislocations is responsible for crack growth and arrest, while George and Michot [13] and Gumbsch et al. [21] studied
the relation between crack growth rate and dislocation multiplication at the crack tip in Si single crystals.
Each of the aforementioned microstructure attributes inﬂuences SC growth, and, furthermore, engineering materials
exhibit a distribution of microstructural features. In order to quantify the variability introduced by the microstructure,
we ﬁrst discuss damage induced during crack growth. Mughrabi [22] related SC growth rate to irreversible plastic strain
accumulation during cyclic loading. Consistent with this idea of damage, Bennet and McDowell [23] investigated a nonlocal
metric based on the work of Fatemi and Socie [24] that accounts for the importance of the normal stress on the critical slip
plane. The Fatemi–Socie parameter was deﬁned as a fatigue indicator parameter (FIP), which has been recently correlated to
crack tip displacement by Castelluccio and McDowell [25]. Based on similar analysis, Hochhalter et al. [26] investigated the
different possible formulations of FIPs. Their results found a qualitative equivalence of the FIPs in crack behavior, and
asserted that FIPs can be used for fatigue life prediction. In this work, we will correlate the variability in FIP parameters
in the vicinity of the crack tip to the variability experienced by the DK th value in stage 1 of crack propagation. In what follows,
we will redeﬁne FIPs as MCDFMs because this name is more general and does not restrict their use to fatigue cycle loading.
The need to address microscopic variability is critical, in order to understand SC growth and ascertain the driving force for
crack advancement. The results of this analysis have the potential to more accurately predict fatigue life. Due to the complexity of this topic, many authors in recent years have focused their research on speciﬁc microscopic features, in order
to provide the foundations for a more complete understanding. But these approaches cannot handle the complex interactions between microstructural attributes. In this paper, we will use a portion of a real microstructure described by a very
high-resolution grid to investigate the local inﬂuence on variability and show how the change of microstructure parameters
inﬂuences the behavior ahead of the crack tip. Subsequently, in order to close the loop and to hypothesize a relationship
between the variability commonly observed in SC growth rate and the postulated MSCDFMs, we will analyze the behavior
of the different microstructure realizations under the effect of different crack lengths. We will also show that the potential
crack path is related to extreme values in the MSCDFMs ﬁelds and demonstrate that the clustering effect is a crucial parameter in SC behavior.
The paper is organized as follows. In Section 2, we brieﬂy explain the FFT formulation, underlying its key characteristics.
In Section 3, we explain the simulations setup, material parameters, and crack geometry. Section 4 is dedicated to the results
and discussion: in Section 4.1, we investigate variability in the macroscopic material response; Section 4.2 identiﬁes slip system variability ahead of the crack tip; in Section 4.3, we deﬁne MSCDFMs and discuss their correlation with SC behavior; in
Section 4.4, we discuss the relation between monotonic and cyclic MSCDFMs behavior, and, ﬁnally, in Section 4.5, we discuss
the analogy between the variability in the MSCDFMs and SC growth. In Section 5, we draw the conclusions of this study.

2. Model
The elasto-viscoplastic fast Fourier transform-based model (EVP–FFT) developed by Lebensohn et al. [27], is an efﬁcient
numerical full-ﬁeld implementation of the classical crystal plasticity theory [7]. The FFT framework was originally developed
by Moulinec and Suquet [28,29] for both linear elastic and nonlinear elasto-plastic composites, and subsequently extended
to composites with large mechanical contrast Michel et al. [30,31]. The EVP–FFT model used in this study is the most general
formulation of the two previous FFT-based model extensions to polycrystalline deformation in the elastic regime [32] and
the rigid-viscoplastic regime [33–36]. The EVP–FFT formulation has been thoroughly described elsewhere, and the readers
are referred to [27] for further details. Here we provide a brief overview of the principal characteristics of this method.
Nowadays, very large, high-ﬁdelity 3-D images of polycrystalline microstructures are available and can be obtained with
different reconstruction techniques, such as electron backscatter diffraction (EBSD) [37] and synchrotron-based high-energy
X-ray diffraction microscopy (HEDM) [38]. The results of these scans are crystallographic attributes, such as grain orientation
and phase, arranged in a regularly spaced grid of points (voxels) with subgrain/submicron resolution. One advantage of the
EVP–FFT framework, being an image-based technique, is the possibility of directly utilizing these voxelized crystallographic
attributes as input of the model, without the need of meshing, as required by ﬁnite element methods (FEM). In general,
compared with FEM, larger models can be run with the EVP–FFT method due to its computational efﬁciency (usually
between 1 and 2 order of magnitude faster, see [39] for details).
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In this methodology, a macroscopic strain is imposed at a certain rate to the unit cell in incremental steps, and the
response to this mechanical boundary condition in terms of stress and strain-rate ﬁelds is determined. The EVP–FFT algorithm computes a compatible strain ﬁeld and an equilibrated stress ﬁeld, which satisfy at every point the constitutive relation. This constitutive relation contains the well-known crystal plasticity rate-sensitive equation. At time t þ Dt, the local
elastic relation reads:

rðxÞ ¼ CðxÞ : eel ðxÞ ¼ CðxÞ : ðeðxÞ  epl ðxÞÞ ¼ CðxÞ : ðeðxÞ  epl;t ðxÞ  e_ pl;t DtÞ
where C(x) is the forth-order stiffness tensor,

e_ pl ðxÞ ¼

ð1Þ

epl;t is the plastic strain at time t, and:

 a
n
N
N
X
X
jM ðxÞ : rðxÞj
M a ðxÞc_ a ðxÞ ¼ c_ 0 M a ðxÞ
sgnðM a ðxÞ : rðxÞÞ
a
sCRSS ðxÞ
a¼1
a¼1

ð2Þ

where N is the number of slip systems, c_ a , saCRSS ðxÞ and M a ðxÞ are resolved shear strain rate, the critical resolved shear stress
(CRSS) and the symmetric Schmid tensor associated with the slip system a, e_ pl ðxÞ and rðxÞ are the strain-rate and stress tensors at each spatial position, c_ 0 is a normalization factor, and n is the rate-sensitivity exponent.
As can be seen from Eq. (2), the plastic ﬂow is governed by the resolved shear stress, which is linked to the stress tensor by
the relation

1
2

sa ðxÞ ¼ M a ðxÞ : rðxÞ ¼ ðma ðxÞ  na ðxÞ þ na ðxÞ  ma ðxÞ : rðxÞÞ

ð3Þ

where na is the normal of the slip plane and ma is the slip direction.
The utilization of FFTs comes from the formulation of the micromechanical problem, requiring the determination of the
displacement ﬁeld of a nonlinear heterogeneous medium, which can be calculated as a convolution integral between Green’s
function of a linear reference homogeneous medium and a polarization ﬁeld [28,29]. This can be efﬁciently solved in Fourier
space as a simple product, compared to the computationally intensive evaluation of convolution integrals in direct space.
Under the FFT-based numerical approach, the micromechanical ﬁelds are mapped onto a grid of equally spaced Fourier
points (voxels).
Furthermore, the EVP–FT formulation allows for different hardening laws to better describe the material of interest. In
this case, a generalized Voce’s hardening law [40] is used, as an extension to the one presented by Voce [41]. This hardening
law is based on shear strain accumulation on each slip system:





saCRSS ðCahard ðx; tÞÞ ¼ so þ ðs1 þ h1 Cahard ðx; tÞ 1  exp 



Cahard ðx; tÞ

s1

ð4Þ

where s0 is the initial CRSS, s0 þ s1 is the CRSS related to the asymptotic behavior, h0 is the stiffness at the end of microscopic
linear elastic zone,h1 is the asymptotic stiffness at high strain, and Cahard ðx; tÞ is a weighted sum of the accumulated resolved
shear strain of all the slip systems as a function of position, x, time, t, slip systems hardening interaction matrix, hab and is
given by:

Cahard ðx; tÞ ¼

Z
N
X
hab
b¼1

t

c_ b ðxÞdt

ð5Þ

t¼0

In order to complete the crystal plasticity model and to be able to describe lattice rotation the well established multiplicative decomposition of the deformation gradient F ¼ F   F p (see [7,42]) has been added to the model described in [27]. This
operation is performed at the end of each incremental time step Dt in order to maintain computational efﬁciency.
Furthermore this is allowed thanks to the small strain increment assumption.
The authors would like to point out that the presented model does not employ a separate kinematic hardening terms to
model the so called Bauschinger effect, also know as back-stress or residual stress, because as shown by Tóth et al. [43], and
remarked by Hochhalter et al. [44], early stages of Bauschinger effect are predicted by the polycrystal model itself without
additional terms. The modeling strategy employed in the present work is to limit the use of additional terms without experimental data required for a reliable ﬁtting of the additional constants.
As previously discussed, one of the advantages of EVP–FFT is the possibility of direct use of voxelized crystallographic
information obtained from 3-D characterization techniques, such as EBSD or HEDM. In contrast to FEM, which can utilize
meshes that are conformal to GBs, the use of voxelized information in EVP–FFT introduces stair-stepped GBs. The difference
between these two kind of discretizations has been investigated by different authors: (i) Choi et al. [45] performed FEM simulations and pointed out that from a global average point of view the difference is minimal but that plasticity effects can be
over/under-estimated in regions close to GBs compared to the case of smooth GBs. In contrast, Pyle et al. [46] and Kanit et al.
[47] claimed that stair-stepped grain boundaries gives accurate results and did not show appreciable differences compared
to the smooth GBs case (as long as very accurate values of local reorientation are not needed into the analysis). It should also
be noted that the FFT algorithm, in contrast to FEM, is a meshless model in which compatibility and equilibrium are imposed
to strain and stress ﬁelds evaluated at the integration points located in the middle of each voxel, while FEM models impose
these conditions at the interfaces between ﬁnite elements.
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3. Simulation setup and crack design
The microstructure that we use for our analysis is an available 3-D EBSD dataset of a Ni-based superalloy (IN100) sample,
performed using a dual-beam FIB with a resolution of 0:25 lm [48]. To achieve high resolution, after microstructure reconstruction has been performed utilizing the Dream3D package [49], we extracted a cubic subset of 323 voxels from the IN100
dataset. This subset was subsequently reﬁned to 1283 voxels, 4  4  4 = 64 new voxels (with the same orientation) per each
voxel in the original image, thus reaching a resolution of 0:0625 lm. The result of the original 323 cropping operation and its
reﬁnement is a non-periodic unit-cell consisting of an aggregate of 21 grains. The periodic microstructure required by the
EVP–FFT model, was obtained by adding a ‘‘gas’’ or ‘‘void’’ phase (inﬁnite compliance, i.e. zero stress), resulting in a cylinder
of solid material, as shown in Figs. 1 and 2. This gas phase disconnects the unit cell from its periodic repetitions along the two
lateral directions. The assumption of periodicity along the axial direction put in contact the upper and lower surfaces of the
cropped image, determining spurious straight grain boundaries, which introduce minor errors (see discussion below).
A limitation of the existing IN100 dataset is the absence of twin boundaries within the reconstructed microstructure [50].
However, twin boundaries are known to affect the mechanical properties of metals as they effectively reduce the grain size of
the structure and provide barriers for dislocation migration, thus inﬂuencing the fatigue response of the material [51].
Furthermore, as pointed out by Milligan [52], dislocation looping has not been observed for this material at the temperature
650 °C. Hence, As a ﬁrst order approximation, we treat the material as homogeneous [53], assuming that the crystals deform

Loading axis

Crack zone detail

Fig. 1. Overview of the Von Mises equivalent stress distribution. The loading axis and crack are denoted. The shaded plane is the crack plane. Note that this
picture has been taken at 0.88% strain.

Fig. 2. Sketch of the various crack geometry, illustrating the parameters used to build the crack. Common parameters for all the simulation and realizations
are R = 60 [Voxel] or 3.75 lm; delta Y = 1.5 [Voxel] or 0.094 lm.
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plastically by {1 1 1}h1 1 0i octahedral slip, which is the primary mechanism for short crack growth in FCC materials, as
pointed out by McEvily and Boettner [2]. To describe the IN100 elastic behavior, we modeled it as cubic material, e.g. three
unique constants describing its elastic response. The single crystal stiffness constants used in this work were obtained from
experiments by Shenoy et al. [53]. The Voce hardening parameters were adjusted to represent a uniaxial tensile test, in the
0–10% strain range, obtained at 650 °C, at a strain rate of 8.33  105 s1 [51]. The hardening response was calibrated for an
uncracked microstructure with the loading direction aligned with the longitudinal axis of the cylinder, as shown in Fig. 1. The
values of the material parameters utilized for all the simulations are given in Table 1. Furthermore, as speciﬁc data to calibrate self and latent hardening coefﬁcient hab , was not available, we assumed, as ﬁrst order approximation, that the slip
occurring on each slip system plays the same role in the hardening behavior of the material, in other words hab = 1 for all
slip systems possible combinations and all the slip systems will harden equally.
We also analyzed the L2 norm of the differences between the Von Mises equivalent stress ﬁelds for simulations containing 323 , 643 , and 1283 voxels. The results showed that the difference between simulations containing 643 and 1283 voxels is
lower than 5%. Furthermore, we analyzed the effect of the spurious straight grain boundaries normal mentioned above, due
to the enforcement of periodicity along the axial direction. As already reported by Rollett et al. [54] we note that a small
gradient in the stress ﬁeld has been introduced in these zones, but it rapidly decreases away from the unit cell limits (2
or 3 voxels in all directions in the most reﬁned grid, depending on the microstructure) and does not interact with the strain
ﬁelds in our region of interest, near the crack tip.
In our analysis, we are interested in a restricted volume surrounding the crack tip that undergoes much higher values and
gradients in both stress and strain ﬁelds. In order to capture the inﬂuence of microstructure variability at the crack tip, elliptic cracks have been manually inserted in the mid plane of the specimen, by substituting voxels belonging to the material by
voxels with void properties (see Fig. 2 for crack geometry details and Table 2 for the crack parameters). Furthermore, in order
to observe the variability of MSCDFMs under the effect of different crack length and postulate a relationship between these
and the variability observed during SC growth rate, cracks of different length have been manually inserted in different specimens. In this way a quasi-static SC growth can be represented and studied through a collection of multiple simulations with
different crack lengths. Moreover, we want to point out that the material history is not retained during different simulations
with different crack lengths. This can cause errors in the quantitative evolution of MSCDFMs. However, it should be
reminded that the present analysis is qualitative so that trends, not actual values, are of primary interest. It should be noted
that the smallest crack (namely the one with length a ¼ 0:66 lm) is completely embedded inside a single grain (to be called
from now on the cracked grain), and the crack grows out of the single grain and becomes transgranular at a length of
a ¼ 1:16 lm. Also, in order to address variability at the crack tip due to grain reorientation, the cracked grain (see Fig. 3)
has been randomly oriented in six additional simulations (see the inverse pole ﬁgure (IPF) in Fig. 4 for the orientations of
the original and six randomly-oriented cracked grains). As a result, 35 simulations have been analyzed, corresponding to a
combination of seven orientations of the cracked grain and ﬁve crack lengths.
Furthermore, the boundary conditions utilized in this work are the following for the monotonic loading:

2
6
Simposed ¼ 4

3

0
0

2

0

0

3

7
6
7
max
0 5
5 Eimposed ¼ 4 0
0 0 0:03

where Simposed is the imposed macroscopic stress tensor, Emax
imposed is the macroscopic strain at maximum load, and only components showing a value have been imposed. For cyclic loading, in addition to the aforementioned condition a strain based
cyclic ratio Re ¼ 0 has been imposed. The simulation were performed utilizing 4 nodes of the Purdue Conte Cluster which is
Table 1
(a) Elastic and (b) hardening material properties.
Elastic constants (MPa)

Voce’s hardening parameters (MPa)

C11 ¼ 158; 860
C12 ¼ 73; 910
C44 ¼ 130; 150

s0 ¼ 485:23
s1 ¼ 38
h0 ¼ 1000
h1 ¼ 456

Table 2
Crack parameters for each crack length, as indicated in Fig. 2.
A Voxel or lm

B Voxel or lm

a Voxel or lm

12
16
20
28
44

20
24
28
36
52

10.5
14.5
18.5
26.5
42.5

or
or
or
or
or

0.75
1.00
1.25
1.75
2.75

or
or
or
or
or

1.25
1.50
1.75
2.25
3.25

or
or
or
or
or

0.66
0.91
1.16
1.66
2.66
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(b)

(a) Reoriented grain

Z

Y
XY
X

YZ

Crack

Fig. 3. (a) Shape and position of the reoriented grain, in order to note that the smallest crack is completely embedded within the grain. (b) A schematic
representing the global reference system: the crack tip (red line), the plane perpendicular to the crack-tip, passing thorough the ellipse center and in the
mid point of the crack tip highlighted in pink (named YZ-plane), and the crack plane highlighted in green (and named XY-plane). (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

1400
1200
1000

SBT of the IPF of the reoriented grain wrt 001

<111>

800
experimental data

600

in100 subset
random 1
random 2

400

random 3
random 4

200

random 5

<011>

<001>
Parallel to Loading Axis

random 6

0
0

1

2

3

4

5

6

7

8

9

10

Fig. 4. Macroscopic uniaxial tension (r33 vs. e33) results of the 7 cracked microstructure realizations and experimental data used for ﬁtting. The variability
observed in the macroscopic stress/strain response is due to the fact that the reoriented grain occupies almost 17% of the entire microstructure. Note that
the [0 0 1] direction is parallel to the loading axis.

equipped with 2 8-core Intel Xeon processors and 64 GB of RAM per node. The cyclic simulation showing a domain of 128^3
integration point ran in less than 4 days. For this speciﬁc simulation the bottleneck was due to CPU speed and not to memory
requirements.

4. Results and discussion
4.1. Macroscopic variables and local stress ﬁeld
Before proceeding through the discussion section, we want to point the reader to Fig. 3(b), which identiﬁes a global reference system to be used later on, the XY-plane (i.e. the crack plane), and (iii) the YZ-plane, which is the plane perpendicular to
the crack plane, including the center of the ellipse utilized to generate the crack, and the middle point of the crack-tip.
Fig. 4 shows the macroscopic uniaxial tensile response corresponding to both the experimental data used in the ﬁtting
procedure, and the seven different microstructure realizations with a crack length of a ¼ 0:66 lm. As it can be seen, the
macroscopic behavior is not exactly identical for all realizations. This is due to the fact that the cracked grain, whose
orientation is different in each realization, occupies a large volume fraction of the microstructure (see Fig. 3(a)).
Differences in both the elastic stiffness and yield stress are observed, although this slightly different macroscopic behavior
is not inﬂuencing our results, for two reasons: (a) the highest difference in uniaxial stress response for the different realizations at 3% strain is 50 MPa (see Fig. 4), which, if compared with the absolute stress value at this strain, is below 5%; (b) since
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we are interested in the variability near the crack tip, the local stress values in this region are dominant compared with the
above small deviation. Note also that similar orientations have nearly the same macroscopic response, i.e. the pairs Random3
(green) and Random4 (gray) or Random2 (gold) and Random6 (purple). Despite this similarity, further investigation of the full
Von Mises stress ﬁeld reveals differences in local behavior, as shown in Figs. 5 and 6. Typically, plotting the stress normal to
the crack plane seems like a more natural choice for SC problem, but we choose to plot the Von Mises stress ﬁeld on 2
different sections of the analyzed realizations. This choice emphasizes the appreciable stress ﬁeld localization due to
microstructure features far away from the crack inﬂuence zone and enables the observation of grain clustering.
Figs. 5 and 6 show the equivalent Von Mises stress ﬁeld of the seven realizations on two different sections, the former
corresponds to a section represented by the XY-plane (see Fig. 3(b)), and the latter to the section represented by the YZ-plane
(see Fig. 3(b)). Both ﬁgures correspond to 3% macroscopic strain, to emphasize the plastic behavior variability. The lowest
value in the color map corresponds to the macroscopic yielding value, ry ¼ 1060 MPa, and the pink ellipses denote some
of the major differences between each of the six random realizations and the original one. Also, for brevity, we will designate
the deep red zones, which identify highly stressed and plastically deformed areas, as hot spots and the deep blue areas, which
identify low stress and small plastic deformation zones, as cold spots.
Very complex stress ﬁelds are found, both in the proximity of the crack tip and near GBs. Microstructural features like GBs
represent stress concentrators that are not accounted for in classical elasto-plastic fracture mechanics (EPFM). For this reason, additional insight is needed to capture the complexity of SCG behavior. The multiaxiality of the stress ﬁelds resulting
form uniaxial loading (at the GBs and at the crack tip) and the anisotropic behavior of the plastic zones found in our
simulations are in agreement with the results found by Guilhem et al. [11] and Potirniche et al. [10], respectively.

Fig. 5. Comparison of deviatoric Von Mises equivalent stress ﬁeld on the XY-plane (see Fig. 3(b)), for the 7 different microstructure realizations at 3%
macroscopic strain: pink ellipse highlight zone with a noticeable difference w.r.t. the stress ﬁeld shown in subﬁgure (a). By varying the orientation of the
cracked grain, the stress ﬁeld is modiﬁed throughout the polycrystal and not only in the nearest neighbor grains. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 6. Similar to Fig. 5, except that here we are looking at the YZ-plane (see Fig. 3(b)).

As previously noted, equivalent macroscopic behavior can lead to different local behavior. For example, analyzing the pair
of realizations Random2 and Random6, depicted in Fig. 5(c) and (g), respectively, we can immediately recognize variability
ahead of the crack tip. In fact, the hot and cold spots show a complete opposite behavior in these two realizations, despite
their similar orientation (see Fig. 4). In Fig. 5(c), we can identify a cold spot on the left, just ahead of the crack tip, and a hot
spot on the right, which interacts with the GB structure just in front of the crack tip, extending until the next GB. In Fig. 5(g),
hot spots are located on adjacent sides of the GB, thereby creating a link between the stress induced by the crack tip and GB
structure, which suggests a possible crack path. Furthermore, this variability inﬂuences the stress distribution in the neighboring grain. Regarding two other realizations, Random3 and Random4, depicted in Figs. 5(d) and (e), respectively, we note
that, despite the similarities in the cracked grain orientation and the corresponding stress ﬁelds, the average level of the von
Mises stress ahead of the crack tip shows a variability of around 200 MPa. In both cases, the differences in the hot/cold spots
extension and position suggest that the crack may grow at different rates in different directions due to the presence of GBs
[10] and misorientation between neighboring grains [8,9]. Furthermore, the different behavior experienced by neighbor
grains indicates the need to analyze clusters of grains, as pointed out by Guilhem et al. [11]and Sangid et al. [12] in the
context of a microstructure-sensitive SCG theory.
As ﬁrst pointed out by McEvily and Boettner [2], dislocations are emitted in an orderly manner from the crack tip on
highly stressed slip planes. By inspecting the variability in Fig. 6, we note the difference in the angles, extension, and shape
of the lobes of hot spots surrounding the crack tip and their wake. The difference in angle of the hot spot lobes between the
various realizations is a clear indication of the inﬂuence of grain orientation at the crack tip. Meanwhile, asymmetry of these
hot spot lobes contains information about neighboring grain misorientation and distance. It should be noted that a GB is
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present just beneath the crack, leading to high stresses in this direction. Moreover, not all the realizations show the same hot
spots in this area. For instance, Random3 and Random5, depicted in Fig. 6(d) and (f), respectively, have a branch of the hot
spot distribution following the GB direction; while Random6, depicted in Fig. 6(g), has a very bulky hot spot following the
GB and extending very deeply into the neighbor grain. Furthermore, in other realizations, such as IN100, Random1, and
Random4 (Fig. 6(a), (b) and (e), respectively), we can observe the hot spot below the crack tip, after passing through the
GB, follows a well-deﬁned orientation imposed by the slip plane of the neighboring grain.
By analyzing the hot spots in the cracked grain, we observe that the IN100 and Random4 realizations (see Fig. 6(a) and (e),
respectively) show a very limited hot spot at the crack tip, with a large plastic zone at a lower stress level. Meanwhile,
Random3 (see Fig. 6(d)) has a long hot spot with a well-deﬁned direction and a very tight wake, and Random6 (see
Fig. 6(g)) shares the same well deﬁned behavior of Random3, but with much thicker hot spots and wake areas. Random3
has hot spots nearly oriented in the load direction, with one of them bridging towards the highly stress zone at the crack
tip, interacting with another one, at the GB. Random5 has three hot spots departing from the crack tip in three well-deﬁned
directions. Additionally, we note that the ﬁelds predicted at lower strains show that plasticity starts to play a role even when
the global behavior is still in the linear elastic zone, and that the shape of plasticized areas at lower strains are consistent
with the ones shown in Figs. 5 and 6. Furthermore in some cases, hot spots are found not at the crack tip, but in its vicinity
just passed the GB, displaying the effects of stress anisotropy between grains.
We can brieﬂy explain this behavior from a dislocations dynamics point of view. Smaller hot spots areas in both Figs. 5
and 6 are consistent with emission of edge dislocations at the crack tip on highly stressed slip planes, which have the property to relax stresses by blunting the crack and, in turn, diminishing the avalanche mechanics of dislocation emission [14]. In
general, the hot spots and preferred sites for dislocation emission could be in place only in a portion of the crack tip surface,
thus explaining differences in behavior amongst the different spatial locations and realizations, enhancing variability. GBs
act as both dislocation sources and energy barriers to incoming dislocations [16], creating local hot spots ahead of the crack
tip in the bulk of the material. A bridging effect between hot spots is observed between the GBs towards the crack tip, and
vice versa. This phenomenon does not always follow the primary hot spots orientation, suggesting that more than one slip
plane has been activated, e.g. Fig. 6(c). Furthermore, according to Lee et al. [55], the interaction between dislocations and GBs
can have 3 major consequences: (i) cross-slip into adjacent grain, (ii) partial transmission, resulting in residual dislocations
incorporated in the grain boundary, (iii) dislocation blocked at GBs. Eventually, mechanisms (ii) and (iii) can lead to impeded
dislocation motions [12], subsequently preventing further dislocation emission.
4.2. Slip system activity
To achieve a better insight on the variability at the crack tip, a statistical analysis of the resolved shear stress has been
performed on the crack plane. Fig. 7(a) shows the volume fraction of active slip systems as a function of resolved shear stress,
for the seven different realizations with a crack length a ¼ 0:66 lm at 3% strain, over the volume schematically represented
by grey dots (as shown in the inset within Fig. 7(a)), where each dot represents a voxel. The dash-dotted vertical lines represent the maximum and the minimum value of the averaged resolved shear stress at the crack tip (represented by black stars),
while dashed vertical lines represent the same quantity, four voxels ahead of the crack tip (represented by red stars). Fig. 7(b)
depicts the cumulative volume fraction of active slip systems ahead of the crack tip (same volume analyzed in Fig. 7(a))
versus the resolved shear stress level. The ﬁrst thing that should be noted in Fig. 7(a) is that the curves are not of equal area,
as can be clearly seen in Fig. 7(b), meaning that a different number of slip systems are activated in different realizations.
Recently, Zhang and Ghosh [15] investigated the relationship between grain orientation and dislocations emission on a
pre-cracked Ni single crystal through MD simulations, ﬁnding a variability in both type and number of dislocations, depending on the orientation. These dislocations subsequently interact with each other in different ways, leading to completely different material performance. This same behavior is observed in our simulations at the scale of the microstructure.
Furthermore, other parameters underlying the variability in material behavior at the crack tip can be noted. The values of
the resolved shear stress at the peaks of the PDF are consistent with the location of the average resolved shear stress, four
voxels ahead of the crack tip. The maximum spatial average of the RSS four voxels away from the crack tip is observed in
Random6 with a value of 655:2 MPa, while the minimum is observed in Random2 with a value of 530:8 MPa. This corresponds
to an average RSS range of 124:4 MPa. By changing the analyzed volume and moving closer to the crack tip, more variability
is seen in the averaged resolved shear stress, e.g. the maximum spatial average of the RSS is observed in Random6 with a
value of 955:8 MPa, the minimum of the same quantity is observed in Random3 with a value of 607:2 MPa, corresponding
to a range of 348.6 MPa. In other words, moving away from the crack tip, the average value of the resolved shear stress is
less inﬂuenced by the presence of the crack, thus becoming more homogenous. Also, the volume fraction at which peaks
are found undergoes a high variability, going from 6% in Random4 to more than 13% in Random5. Analyzing comparable
realizations, like the pair Random3 and Random4 (see Fig. 4), the variability in behavior is evident by analyzing the tail
lengths, peak positions and volume fractions. A similar variability can be seen in similar pair, Random2 and Random6, by
looking at the average value of the resolved shear stress four voxels away from the crack tip, of which these realizations
represent the two extreme values. These results emphasize the need of accounting for this variability in slip activity, as it
has direct implications on the crack driving force (the reader is referred back to Fig. 4 to identify grain orientation).
In the context of FFT-based calculations, Moulinec and Sequet [56] and Rollett et al. [54] pointed out that the variability
observed in the length of the tail of the strain rate probability density function is related to strain localization, which in turn
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Fig. 7. (a) Volume fraction of active slip systems w.r.t. resolved shear stress in the ﬁrst 4 rows of voxels in front of the crack tip, within the crack plane (see
ﬁgure). It should be noted that this curves are not equal area and start from critical resolved shear stress (after binning process, the data have been
interpolated utilizing natural splines). In the case when the macroscopic results are almost the same (i.e. Random2 and Random6 realizations), their
distributions and peak positions vary signiﬁcantly; (b) Cumulative volume fraction of active slip systems versus resolved shear stress in the ﬁrst 4 rows of
voxels in front of the crack tip, within the crack plane (see (a)): a very heterogeneous slip activity is present in the analyzed voxels. Moreover the number of
active slip system is not only related to the orientation of the cracked grain: i.e. Random3 and Random4 realizations, that are really close in the IPF ﬁgure, has
a substantial difference in the count of active slip systems.

correlates with favorable slip planes for crack growth, as pointed out by McEvily and Boettner [2]. If one assumes the crack
growth rate follows the model of slip process proposed by Neumann [3], then it follows that the variability observed in the
tail length of the probability density function of the resolved shear stress could be related to the variability of the short crack
growth rate, because this phenomenon is governed by extreme values of the resolved shear stress ﬁelds.
From a SC behavior point of view, variability needs to be addressed. As we move closer to the crack tip, its effect becomes
more and more dominant (see range of average resolved shear stress in Fig. 7(a)), due to crystallographic features that play a
crucial role in dislocations emission and evolution, which in turn inﬂuence growth rate. It should also be noted that these
ﬁndings, especially the total percentage of active slip systems, suggest localized activity in highly stressed slip planes, which
can lead to localized damage. Sadananda and Glinka [57] pointed out the direct dependence of SC advancement from dislocation emission at the crack tip. In particular, they showed how the interaction between dislocations, microstructure
and ﬂaws can lead to very complex dislocations arrangements, due to different mechanisms, like activation of different slip
systems, cutting of dislocations, annihilation of edge dislocations producing vacancies, cross-slip of screw dislocations,
shearing of particles, presence of GBs, etc. All these mechanisms can lead to slip irreversibility, which increases the SC
growth rate [22]. The complex scenario shown in this section emphasizes the critical role of slip irreversibility as directly
inﬂuenced by the variability of the microstructure, due to different slip system activity. This entails different cyclic damage
accumulation, which in turn leads to variable SCG rate, inﬂuencing macroscopic performance.
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4.3. Damage quantiﬁcation
At this point, it is pertinent to quantify damage accumulation. As stated by Mughrabi [22], damage accumulation can
occur in both the surface and bulk of fatigued metals. Recently, the fatigue research community has adopted different
Fatigue Indicator Parameters, which as already mentioned, we call Microstructural Short Crack Driving Force Metrics
(MSCDFMs), to quantify damage accumulation even for monotonic load conditions. For instance, Hochhalter et al. [26] identiﬁed ﬁve different MSCDFMs, three of which are based on accumulated plastic resolved shear strain, one is based on maximum energy dissipation, and the last one is based on the Fatemi–Socie parameter. The work of Fatemi and Socie [24] focused
on multi-axial fatigue, and emphasized the role of normal tensile stress on the critical plane, following the work of Brown
and Miller [58]. At the microscale level, the importance of the critical plane in multi-axial fatigue has also been investigated
by Bennett and McDowell [23], and recently conﬁrmed by Tschopp and McDowell [59] using MD simulations to show that a
tensile normal stress on the slip plane considerably lowers the shear stress required to nucleate a dislocation loop. In our
work, we will use three of the ﬁve MSCDFMs analyzed by Hochhalter et al. [26], maintaining the same notation for sake
of consistency:

D1ðxÞ ¼ maxjCa ðxÞj

ð6Þ

a

D3ðxÞ ¼

N
X

jCa ðxÞj

ð7Þ

a¼1



Ns
X
hrpn ðxÞi
D5ðxÞ ¼ max jCap ðxÞj 1 þ k
p
s0 ðxÞ
a¼1

ð8Þ

where Ca is the accumulated plastic resolved shear strain on the selected slip system, N is the total number of slip systems, p
identify the slip plane, hrpn i is the tensile stress acting on the slip plane p (hi are the Macaulay brackets deﬁned such that
hxi ¼ 0 if x 6 0 and hxi ¼ x if x > 0), k is the weighting factor dictating the importance of tensile stress with respect to plastic
slip, that has been set to 0:5 as suggested by Fatemi and Socie (1988), and N s is the number of slip-system present in the pth
slip plane. Eq. (6) identiﬁes the slip system with the maximum accumulated plastic resolved shear-strain. Eq. (7) represents
the total accumulated plastic resolved shear-strain in each voxel. Eq. (8) represents the maximum accumulated plastic shear
strain amongst planes subjected to tensile normal stresses. It should be noted that in the literature these MSCDFMs have
been used to quantify the slip irreversibility at the end of a fatigue cycle, (e.g. [25]). Within our EVP-FFT framework, we limit
our analysis to monotonic loading with an applied stress ratio, R = 0, thereby limiting our possible sources of slip irreversibility, but still identifying hot spots in the microstructure as potential sites for slip irreversibility.
Additionally, we investigated three MSCDFMs based on energy dissipation [60] that have been formulated as follows:
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Eqs. (9)–(11) are the energetic equivalents of D1, D3, and D5, respectively. Moreover, we describe a reference system that
will be used throughout the following discussion. Fig. 8(a) and (b) shows respectively, h the angle of maximum MSCDFMs
direction on the YZ-plane (see Fig. 3(b)), and u, the angle of maximum MSCDFMs position at the crack tip on the XY-plane
(see Fig. 3(b)).
Fig. 9 shows the contour plots on the YZ-plane (see Fig. 3(b)), of all six different MSCDFMs (Eqs. (6)–(11)), at a macroscopic
strain e33 ¼ 0:32%. It should be noted that at this strain level, the direction of maximum MSCDFM, namely h, is around ±90°,
due to the lack of plasticity developed near the crack tip at this low applied strain level (see Fig. 4). Additionally, the plastic

(a)

(b)

Fig. 8. Schematic of maximum MSCDFM angle reference (a) in YZ-plane (see Fig. 3(b)) and (b) in the XY-plane (see Fig. 3(b)).
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Fig. 9. Different MSCDFMs ﬁeld comparison on the YZ-plane (see Fig. 3(b)) at the crack tip of the IN100 subset, at low strain e33 = 0.32% (almost in the
middle of the linear elastic region as shown in Fig. 4). It should be noted that at this strain, the direction of maximum MSCDFM is around ±90° this is due to
the fact that, at this strain, plasticity is not well developed. Furthermore it should be noted that even at low strain the shape of this 6 indicators are very
different, also the 3 energetic indicators seems to be more sensitive microstructure features like Grain Boundaries.

strain-based MSCDFMs, D1, D3, and D5, have a very similar behavior and shape, as pointed out by Hochhalter et al. [26],
while the energetically-based MSCDFMs, E1, E3, and E5, are much more sensitive to crystallographic features, as can be seen
in Fig. 9(d)–(f). The shear-based MSCDFMs show 2 anomalies in the location of hot spots: (i) the ﬁrst maxima highlighted in
pink in Fig. 9(a–c) is due to numerical artifact caused by the presence of voxels of different orientation at the interface
between solid and gas phase (see pink arrow) and to the higher compliance at the crack ﬂanks; (ii) the maxima that should
be located at the crack tip, are at a spatial location a voxel behind the tip, this unexpected effect is probably due to interaction of the stress ﬁelds caused by the crack tip and the one generated from the grain boundary just beneath it. In contrast we
note the energetic MSCDFMs, E1, E3, and E5, display their maximum value just ahead of the crack tip, which is the expected
location for maximum damage for a fatigue crack. The complete MSCDFMs evolution for the IN100 realization is shown in
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Video #1, which is available as a supplement to this paper. Due to some of the E5 MSCDFM ﬁeld features, such as maximum
damage at the crack tip, sensitivity to microstructure features, and other motivations that will be pointed out in next section,
we postulate E5 as the best candidate to explain a possible crack path; thus the E5 MSCDFM is used exclusively in the
contour plots within the rest of this section.
Fig. 10 shows the contours plot for the seven different realizations with a crack length a ¼ 0:66 lm at a strain e33 ¼ 3%.
Substantial differences can be observed in the maximum value of the E5 MSCDFM, between the different realizations. For
instance Random6, which is depicted in Fig. 10(g), shows the widest hot spot area, in contrast to Random2 (Fig. 10(c)), which
has the minimum value of the E5 MSCDFM. Furthermore, variability can be noted in the relative location of the hot spot with
respect to the crack tip, e.g. the former is located near the crack tip, while the latter denotes subsurface damage (see black
arrow in Fig. 10(c)). The variability in the E5 MSCDFM ﬁelds is distinct between these realizations, Random2 and Random6,
albeit the corresponding cracked grains have similar orientations, as denoted by their position in the IPF (see Fig. 4). This
behavior is most likely an effect of grain clustering combined with the fact that a single IPF ﬁgure cannot fully represent

Fig. 10. Comparison of MSCDFM E5 ﬁeld on the YZ-plane (see Fig. 3(b)) in all microstructure realizations (different orientation of the cracked grain). As can
be noted from the images the shape, orientation and even the maximum values of E5 change a lot suggesting a very complex local behavior. The different
behaviors suggest a complex slip activity ahead and near the crack tip, such that, the angle at which lobes of damage material advance change with the
orientation. Furthermore sub-surface damage accumulation can be related to crack deviation and bifurcation.
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an orientation, i.e. more than one IPF is needed to completely represent a grain orientation. By viewing another pair of similar orientations of the cracked grain (Random3 and Random4 in Fig. 10(d) and (e)), the former shows grain shielding with a
positive angle h, while the latter shows nearly a symmetric proﬁle, e.g. two lobes in two different directions, each containing
almost the same MSCDFM values. Therefore, the orientation of the cracked grain is not a sufﬁcient condition to identify SCG
behavior.
The damage accumulation can be correlated with different physical phenomena, for instance as the crack tip is near a GB,
we can observe sudden changes in crack-direction [26]. This is attributed to the irreversibility of slip near the GB. When a
dislocation impinges upon a GB, in most cases due to strain incompatibility, a residual dislocation is formed within the GB,
which is often a source of slip irreversibility in cyclic loading [16]. As damage in the form of slip accumulates at the GB and
the GB is saturated with defect density, the crack can either propagate in the direction of the GB leading to intergranular
fracture, or continue along slip planes resulting in transgranular fracture. Grain shielding is an effect due to GBs that impede
dislocation motion or dislocation entanglement between the crack tip and the GB. In the case of transgranular fracture,
dislocation motion will follow the minimum energy principle, as dislocation dynamics inside the grain will occur where
the resistance to slip is lowest. This could be achieved for a high misorientation between all the slip planes in the adjacent
grains, while grain shielding is due to a dislocation pile-up at the GB that, in turn, will generate a high stress ﬁeld impeding
further dislocation motion relative to the ﬁeld. As shown in Fig. 10, many of the contour plots of the E5 MSCDFMs traverse
the GB that is located directly below the crack. For a better understating of the E5 MSCDFM evolution with various
microstructure realizations, we invite the reader to watch Video #2.
Fig. 11 shows the 3D iso-surfaces of E5 ¼ 25 Jm3 of four different realizations, namely (IN100, Random2, Random3 and
Random5) at global strain e33 ¼ 0:76%, for a crack length of a ¼ 0:66 lm. It can be seen that the variation in microstructure
produces different shapes and features of these iso-surfaces, where the colors are coherent with those shown in the symbols
within the IPF (Fig. 4). The realization denoted Random3 has the smallest surface, indicating less damage accumulation surrounding the crack compared to the other realizations. We invite the reader to visualize the evolution of these iso-surfaces in
Video #3 in the online Appendix.
Fig. 12 shows the behavior of MSCDFM E5, depicting different contour plots for the IN100 realizations at different crack
length (Table 2), for a macroscopic strain e33 ¼ 3%. As expected, the maximum value of E5 is increasing with increasing crack
length, as shown by the increasing area of the damaged region, and the contours within the region of the E5 MSCDFM ﬁelds.
The shape of the damaged region is not distinctively different until the crack reaches a microstructural feature (e.g. adjacent
GB), namely until a ¼ 1:16 lm. As can be seen in Fig. 12(d), the damaged zone branches or bifurcates in the direction of the
GB, as the stress ﬁelds associated with the crack interact with the elevated stress ﬁelds due to the presence of GBs. It should
be noted that the range of E5 MSCDFMs undergoes substantial variability with respect to the length of the crack (more than
two orders of magnitude increase in maximum MSCDFM value with respect to crack length).
In order to have a better insight on the behavior of the different postulated MSCDFMs, we pick a representative candidate
(realization Random5, crack length a ¼ 0:66 lm, global strain e33 ¼ 1:04%) for further analysis. Fig. 13(a) shows the location
of the maximum MSCDFMs (D1, D3, D5, E1, E3, and E5) relative to the proﬁle of the crack tip and the ellipse center (red star).
In this case, the locations of maximum MSCDFM values coalesce at the same position, but in general the maximum MSCDFM
values do not necessarily occur in the same location. Fig. 13(b) indicates the values of the normalized MSCDFMs (w.r.t. their
own maximum value along the analyzed path) vs. distance from the crack tip along the direction given by angle u (see
Fig. 8(b)). Fig. 13(c) shows: (i) the spatial line representing the directions of maximum MSCDFM integral (solid colored lines),
(ii) the projection of the principal stress axes (blue dashed lines), (iii) the projection of the slip planes (dashed-dotted black
lines) on YZ-plane (see Fig. 3(b)). It can be seen that the directions of maximum MSCDFMs integral are not the same,
and, except in seldom cases, they are not aligned with slip planes. Finally, Fig. 13(d) displays the maximum value of the
normalized MSCDFM along the direction referenced by the angle h (Fig. 8(a)). The variability observed in both the location
of the maxima along the crack tip and the angle representing the line with the maximum MSCDFM’s integral, and of course

Z
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Y

Fig. 11. Iso-surfaces at the crack tip (see Fig. 3(b) for the reference system) of MSCDFM E5, colors are coherent with IPF. It should be noted the differences in
shape and size, while some microstructure features are in common i.e. hot/cold spots for some realizations (see highlighted zone in the ﬁgure). (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

280

A. Rovinelli et al. / Engineering Fracture Mechanics 138 (2015) 265–288

Fig. 12. Comparison of E5 on the YZ-plane (see Fig. 3(b)) in IN100 subset at different crack lengths. In this ﬁgure, by increasing the crack lengths, as the crack
moves towards more complex microscopic features, i.e. grain boundaries, the shapes of the MSCDFM iso-surfaces change very signiﬁcantly. At a = 1.66 lm
we can see how the iso-surfaces is following the GBs away from the crack tip; compared with a = 2.66 lm, the iso-surfaces seem to through GBs almost
without being affected.

their values, can be related with the variability observed in the SC growth rate (this speciﬁc topic will be discussed in
Section 4.5)
As discussed by McEvily and Boettner [2], Brown and Miller [58], Fatemi and Socie [24], and Bennett and McDowell [23],
the critical plane plays a signiﬁcant role in fatigue behavior. In order to elucidate its role, we compared the alignment of
Maximum MSCDFMs integral’s path with: (i) the slip planes in the microstructure, and (ii) the principal stress axes during
loading (see Figs. 8(a) and 13(c)). Fig. 14(a) shows the average misalignment, given by,

PNsim

Dhi ¼

Dhqi
Nsim
q¼1

ð12Þ
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Fig. 13. This particular case represents the subsurface damage (see Fig. 10 realization Random5). (a) The spatial line relatively to the XY-plane (see Fig. 3(b))
in which the MSCDFM has been evaluated, blue dots represent the crack tip, red dot, the center of the ellipse, and symbols on the crack tip, the location of
the maximum MSCDFM at the crack-tip. (b) The values of nondimensionalized MSCDFM with respect of its maximum vs. crack tip distance, in this case their
values drop very rapidly going away from the tip in the crack plane. (c) The spatial line relative to YZ-plane (see Fig. 3(b)) indicating the maximum MSCDFM
angle, black dashed line represent the projection of the 4 slip planes in the middle section of the ellipse, normal to the crack plane, and blue lines represent
principal stress axis. It can be seen how some MSCDFMs are aligned with slip planes like E5 in this particular case. (d) Along the spatial line in (c) the value
of the each MSCDFM is plotted along its maximum direction. The maximum value as not always located at the crack-tip, but can be ahead of the crack. (For
interpretation of the references to colour iny this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 14. (a) Alignment between the spatial line trace of the maximum MSCDFM to that of the slip planes (indicated by stars) and principal stresses axes
(indicated by circle), as function of the macroscopic strain for a ﬁxed crack length of a = 0.91 lm (b) trend of diminishing distance between MSCDFM and
slip plane, and increasing between MSCDFM and principal stress axes is shown, where error bar represents the minimum and maximum variation.
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Fig. 15. Macroscopic stress vs. strain behavior of the IN100 realization with a crack length of 0.91 lm: emax = 3%, Re = 0.

where Nsim is the number of different realizations (7), i identiﬁes the MSCDFM, and D# is the minimum absolute value of the
misalignment between the MSCDFM maximum direction angle and the adjacent slip-plane/principal stress axis, at different
strain levels. Fig. 14(b) shows the trend lines of Fig. 14(a) with error bars representing MSCDFMs variability, and dots
representing the average misalignment of all MSCDFMs i.e.

PNMSCDFMs

Dh ¼

i¼1

Dhi

NMSCDFMs

ð13Þ

where N MSCDFMs is the number of different MSCDFMs investigated (6), at each strain level. It should be noted that the
misalignment between the slip planes and MSCDFMs decreases, while the misalignment with principal stress axis increases.
This behavior is due to the fact that at small strains, plasticity has just started to develop and unevenly distributed damage
starts to appear in the proximity of the crack tip, while the majority of the material is still in the elastic regime, which is
governed by principal stress axes. This behavior is consistent with our choice of E5 as the most pertinent MSCDFM.
Additionally, the misalignment of the MSCDFM and slip planes with increasing strain may be due to two different
mechanisms. One of them is grain rotation near the crack tip, which, in the present cases of low strains, is not a plausible
explanation. Additionally, as pointed out by Bitzek and Gumbsch [14] in their recent MD work, and previously stated by
George and Michot [13], and conﬁrmed by X-ray tomography results [61,62], the more commonly observed dislocation
source in crack propagation is a consequence of emission of multiple Burgers vectors on different glide planes at once, in
other words, multi-slip plane activity, which explains the misalignment between MSCDFMs and slip planes.
4.4. Relationship between cyclic and monotonic MSCDFM behavior
In order to investigate the difference of the MSCDFMs behavior between monotonic and cyclic loading conditions, a simulation performing cyclic loading of the IN100 realization with a crack length a ¼ 0:91 lm has been performed. Fig. 15
depicts the macroscopic stress/strain response of the aforementioned microstructure for a strain controlled cyclic load with
a strain amplitude Re ¼ 0, a maximum strain e33 ¼ 3% for a total of 51 cycles. It should be noted that to emphasize the
stabilization of the hysteresis loop (the difference in macroscopic behavior between cycle 50 and 51 is not noticeable), only
a few cycle are plotted. Also, according to Tóth et al. [43], when the hysteresis loop stabilizes, very small plastic deformations
are induced to the material and the plasticity is concentrated into non-favorable microstructure features. Moreover,
recognizing that the stabilization of the hysteresis loop also implies a stabilization of plastic strain relaxation, we observe
a ‘‘saturation-like’’ behavior of the MSCDFMs. This is shown in Fig. 16, where the spatial average value of each MSCDFM
at maximum strain, normalized with respect to the maximum MSCDFM value found in the crack plane at maximum strain
(e33 ¼ 3%) for cycle 51, is plotted against the numbers of cycles. Furthermore, the spatial average is calculated on voxels
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Fig. 16. Average normalized value of different MSCDFMs vs. cycle number. The normalization parameter for each MSCDFM is its maximum value found on
the crack plane at cycle 51. It should be noted how all MSCDFMs show a saturation behavior through cycling.

embedded inside an idealized toroid in front of the crack tip, with the same dimension and location for all MSCDFMs.
Comparing the different plot in Fig. 16, it is remarkable to see how, despite their different formulation, all the 6
MSCDFMs show the same ‘‘saturation-like’’ behavior, even if reached at different rates. This does not mean that all
MSCDFMs will reach a stable value, in fact, looking back at Fig. 15, the small nonlinear portion of the macroscopic stress/
strain curve at higher-cycles is due to the continued existence of kinematic hardening, i.e. the ‘‘hard-grains’’ are still in elastic
regime, while ‘‘soft grains’’ continue to accumulate damage. This trend suggests an established MSCDFM pattern with cyclic
evolution, but does not suggest that the MSCDFMs will completely saturate.
To indicate the stability of the MSCDFM parameters with respect to cycle number, a contour plot of the normalized E5
value with respect to its maximum value found on the XY-plane (see Fig. 3(b)) at maximum strain is depicted in Fig. 17
at different cycles: (a–d) shows the behavior of normalized E5 through the XY-plane (see Fig. 3(b)) respectively at cycle number 0, 5, 10, 50; while (e–h) depicts the associated behavior in the YZ-plane (see Fig. 3(b)). From these contour plots, we
observe the consistency of the ‘‘hot spots’’ of the analyzed MSCDFMs through cycling. It should be noted that similar result
have been obtained for all the other MSCDFMs, but as aforementioned in the previous section, different MSCDFMs lead to
different ‘‘hot-spot’’ locations. The stability of the MSCDFMs is critical for damage analysis and motivates the present study
for quasi-static crack growth from monotonic load results. Thus, from cyclic loading, we can obtain inferences of the
MSCDFM behavior and associated relevance to crack growth, deﬁned during the ﬁrst loading cycle.

4.5. Relationship with short crack growth
During the last decade, the evaluation of MSCDFMs has emerged within computational materials modeling as a metric for
characterizing the driving force for both crack propagation and nucleation. Castelluccio and McDowell [25] found a direct
relationship between the Fatemi–Socie parameter and the crack tip displacement. Hochhalter et al. [26] investigated
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Fig. 17. Contour plot of normalized E5 value evolution on the YZ-plane (see Fig. 3(b)) as a function of cycle number (0, 5, 10, 50, respectively) at maximum
strain, i.e. e = 3%: (a–d) the crack plane, (e–h) plane perpendicular to crack plane passing through the ellipse minor axes.

different MSCDFMs for crack initiation and also hypothesized the use of MSCDFMs for a linear prediction of damage accumulation. Also, Guilhem et al. [11] also investigated different MSCDFMs for crack nucleation.
In the well-known Paris plot of fatigue crack growth, i.e. the da=dN vs. DK chart, region 1 is typically associated with short
crack growth. In this region, the size of the crack is smaller than the prominent features in the microstructure. Hence, the
plastic zone size ahead of the crack tip has strong interactions with the strain ﬁelds produced by the defects in the
microstructure. For this reason, region 1 of short crack growth is strongly inﬂuenced by the microstructure. However, there
is no theory available to predict fatigue crack growth based upon the local microstructure, especially since stress intensity
factors depend on the crack length, applied stress, and geometry of the crack, i.e. none of these parameters accounting for
microstructure. Furthermore, since engineering alloys usually have a distribution of microstructural attributes, we expect
variability in the short fatigue crack behavior, especially in threshold measurements [63]. For these reasons, it is important
to quantify the variations in the MSCDFM near the crack tip with respect to variability in the microstructure.
In the work of McEvily and Boettner [2] it was found that the SCG rate in a single crystal is orientation-dependent. The
grain orientations leading to higher degrees of work-hardening are associated with an increase in growth rates. Meanwhile,
in polycrystalline materials, crack advancement is a selective process based on favorably oriented grains. Yoder et al. [5]
investigated the relationship between average grain size and the value of DK th , showing how the latter increases proportionally to the square root of the average grain size. Wilkinson [8] showed the dependence between SCG rate and the location of
the crack tip with respect to nearby GBs, speciﬁcally displaying the inﬂuence of GB misorientation on SCG rate. These
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Fig. 18. Shape of nondimensionalized MSCDFMs (w.r.t. their maximum) plotted against crack length. The value in the charts are obtained utilizing the
maximum value of each MSCDFM for each realization, at each strain level, for each crack length, and then normalizing with the overall maximum value.
Stars represents a global strain of 0.32% (middle of linear elastic zone), while open circles represents a strain of 0.56% beginning of elasto-plastic zone.

microstructure variability parameters will inﬂuence slip character, strain accumulation, irreversibility and therefore growth
rate, modifying the DK th value due to the following phenomena: (i) the cracked grain orientation inﬂuences the resolved
shear stress on slip systems, introducing variability in both strain accumulation and slip character. As a result, the shapes
and surfaces of the plastic zone ahead of the crack tip vary within the cracked grain, and eventually in its neighbors, thereby
modifying the threshold value for crack propagation; (ii) The grain size deﬁnes the density of GBs within a volume of
material. Consequently, this interaction between the stress ﬁeld near the crack tip and the GBs could work-harden the material by dislocation emission [64], thereby increasing the SCG rate; (iii) The distance between GBs and crack tip is another
crucial parameter, thus introducing different mean-free path lengths for dislocations motion from a crack tip impinging upon
a GB, thereby affecting slip transfer and, in turn, irreversibility.
From a crystal plasticity perspective, the inﬂuence of all the previously parameters can be taken into account, by accounting locally for slip accumulation and resolved shear stress. For these reasons, the use of MSCDFMs (Eqs. (6)–(11)) constitutes
a good choice to account for variability in DK th value. Moreover, the Fatemi–Socie parameter (which may be considered as
the original MSCDFM), was conceived analogous to a stress intensity factor, DK [65]. For this reason, we plot the normalized

286

A. Rovinelli et al. / Engineering Fracture Mechanics 138 (2015) 265–288

(b)

log(da/dN)

(a)
STAGE I

STAGE II

STAGE III

log (ΔK)

Fig. 19. Analogous behavior between the shape of E5 and small crack behavior. The small crack variability can be related to our quasi static SCG analysis
through this indicator parameter that takes into account critical plane dissipated energy as major indicator of damage nucleation and consequent failure.

MSCDFMs vs. crack size, which is analogous of the Paris diagram (da/dN vs DKÞ. Fig. 18 depicts the crack length vs. the log
values of the normalized MSCDFMs (for the six MSCDFMs analyzed in this study) at different strain level (e33 ¼ 0:32% represented by stars, and e33 ¼ 0:56% represented by circles) for all realizations. For each MSCDFM, the normalization parameter
is the maximum value reached in the analyzed conﬁguration. It should be noted that by decreasing the crack length, the variability increases, and vice versa. This behavior is exempliﬁed in MSCDFMs based on critical plane damage accumulation,
namely D5 and E5, which allow identiﬁcation of the transition between microstructural short cracks (dependent on the
microstructure) and macroscopically short crack (less sensitive to microstructure variability). The shape of the analogous
normalized MSCDFM compared to the crack length is similar to the variability in short crack behavior as originally constructed by Newman et al. [66], which depicts the variability in SCG rates for a given stress intensity factors. The similarity
in shapes of these diagrams is most pronounced in the E5 MSCDFM, which emphasizes the choice of E5 MSCDFM as a suitable reference parameter. Fig. 19 shows a possible relation between SCG behavior and the chosen E5 MSCDFM. In Fig. 19(a),
the complete fatigue crack propagation behavior is shown, as well characterized in literature [67]. The variability is more a
noticeable in stages 1 and 3 as shown by the shaded zones. Fig. 19(b) displays an enlargement of stage 1, in which we superimpose the values of the E5 MSCDFMs calculated in these simulations, thus displaying the analogy between variability commonly observed in SCG and the reference parameter (E5 MSCDFM values as inﬂuenced by the various microstructure
realizations).
4.6. Source of uncertainty
In each simulation and the associated data analysis, there are different sources of errors, which can manifest and propagate throughout the analysis. The modeling errors have been addressed in Sections 2 and 3. For the role of the crack geometry, it is noted that an equi-spaced grid is required by the EVP–FFT model, thus resulting in a blunt crack. In fact, while it is
possible to reproduce a smooth proﬁle of the crack tip in the crack plane, it is not possible to reproduce a geometrically sharp
crack. However, the modeling results display the characteristic butterﬂy shape of the plastic zone (see Fig. 6). A speciﬁc study
comparing the EVP–FFT and EVP–FEM should be done in order to quantify the difference of model reﬁnement near the crack
tip. We should also remind that, while we used an integral formulation to calculate the misalignment between MSCDFMs
and both principal stress axis and slip planes, we did not discard the data present in the proximity of the tip. The local inﬂuence of computations near a singularity (i.e. the crack tip) are not necessarily precise due to numerical approximation, hence
a possible over/under estimation of the ﬁeld of interest is possible. For sake of completeness, the same analysis should be
repeated utilizing nonlocal MSCDFMs in order to quantify the error.
5. Conclusions
Variability in the microstructure is inherent to engineering alloys, and it manifests itself in variability in the short crack
(SC) behavior, as:
 During early stages of crack propagation, the stress ﬁelds produced by the crack are small compared with the stress ﬁelds
associated with microstructural features such as grain boundaries, thus the microstructure plays a crucial role for prediction of fatigue life. This work addresses variability in the microstructure as a means to understand unfavorable
microstructure features that facilitate SCG.
 Similar orientation can lead to very different behavior ahead of the crack tip in both macroscopic (e.g. von Mises stress)
and microscopic (e.g. active slip systems) length scales. Crack propagation is a phenomenon governed by extreme values
of the resolved shear stress and the resolved plastic shear strain reached in the proximity of the crack tip.
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 The inﬂuence of the cracked grain orientation and of the crack length can be observed, not only directly ahead of the crack
tip, but also in adjacent grains ahead of the crack tip. Thus, the clusters of grains ahead of the crack tip must be analyzed
to determined SCG behavior.
 Thus, the clusters of grains ahead of the crack tip must be analyzed to determined SCG behavior.
 By successfully addressing microstructure variability, we elucidate the well-known phenomenon of scatter in the crack
growth rates in stage 1 of the conventional Paris diagram.
 From this analysis, there is a critical need of a microstructure-sensitive deﬁnition of the driving force for SCG:
 Microstructure features affect the distribution of the stress ﬁelds at microscopic level, leading to different slip system
activation that will in turn inﬂuence slip irreversibility and associated SCG behavior/rate.
 From the analysis of the six different fatigue indicator parameters (MSCDFM) analyzed, we identiﬁed E5 as the best candidate for a SCG driving force. The parameter E5 accounts for energy dissipation on the critical plane.
 At low strain levels, the direction connecting the maximum values of the MSCDFM ahead of the crack tip is driven by
principal stress axes, since elastic strains dominate. At higher strain levels, the direction from the crack tip to the maximum MSCDFM values has a good alignment with the critical plane of maximum shear stress. In this case, the damage
accumulation in the vicinity of the crack tip is a consequence of the accumulation of plastic strain on multiple slip systems, local grain rotation, and energy dissipation.
 Fatigue behavior and SCG path are strongly inﬂuenced by the interaction between stress/strain ﬁelds induced by the crack
and those induced by the microstructure features. By analyzing the interaction between these stress ﬁelds, we can get
insights on fracture mechanisms and crack paths, such as grain shielding and crack bifurcation.
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