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Abstract. We present here an extension of the viscoplastic self-consistent (VPSC) polycrystal
model for the calculation of the intergranular Cauchy stresses in an aggregate. This method,
which is based on the self-consistent treatment of incompressible aggregates proposed in 1987
by Molinari et al, is formulated using the inclusion formalism and full anisotropy is incorporated
into it. The complete stress state in the grains is obtained by computing the deviatoric and the
hydrostatic local deviations with respect to the overall corresponding magnitudes applied to the
polycrystal. The extended VPSC model, followed by an elastic self-consistent unloading, is used
to obtain the intergranular residual strains in the aggregate after large plastic deformation. The
texture evolution and the hardening of the material are explicitly taken into account in the model.
As an application, the model is used to predict intergranular residual states in Incoloy-800 plate
after uniaxial deformation.

1. Introduction
Residual stresses induced by cold working of polycrystalline materials usually influence
the ulterior mechanical response and properties of the aggregate, such as the fracture or
the creep characteristics. In this work we propose a method for calculating intergranular
stresses in aggregates after cold working. Elasto-plastic models of polycrystals vary in the
degree of sophistication used to describe the interaction of each grain with its surroundings.
The simplest is probably Lin’s model [1], which involves the assumption that the sum of
the elastic and the plastic strain components are the same in every grain. Kröner [2] and the
Budiansky–Wu model [3] use the solution of the inclusion problem [4] to allow for elastic
accommodation of strain in the matrix, but this method is very rigid and converges to Lin’s
model when the plastic deformation is of the order of the elastic deformation. A more
sophisticated model, also based on the inclusion formalism, is that proposed by Hill [5],
which allows for elasto-plastic accommodation of strain by the matrix. In a recent review
paper, Molinari et al [6] argue that Hill’s model is also characterized by a stiff interaction
between grain and matrix because it is based on an implicit secant approach. They propose
instead an elasto-visco-plastic model based on a tangent approach.
In addition to the stiffness of the interaction, when dealing with large strains one
is inevitably concerned with the reorientation of the individual grains. Consideration of
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such an effect requires the incorporation of the spin of the stress tensor and adds another
dimension of complexity to the model (see for example Iwakuma and Nemat-Nasser [7]).
More recent work by Berveiller et al [8] and Krier et al [9] predicts the evolution of
intergranular stresses within a large-strain elasto-plastic self-consistent (EPSC) formulation.
The numerical implementation of these EPSC formulations requires long computing times,
even to reach moderate degrees of deformation, because the strain increments have to be
kept small in order to follow the evolution of stress across the yield surface of each grain.
In this work we argue that it is not necessary to keep track of the elastic component when
modelling large-strain deformation ( > 2%), since once the grains are in the plastic regime
it is the evolution of the single-crystal yield surface that controls the stress. As a matter
of fact, the latter assumption is implicit in all large-strain polycrystal models of texture
development. One immediate advantage of this approach is that it is easy to follow the
stress evolution associated with the reorientation of the grains. One problem, however, is
that since plasticity is a function of only the deviatoric stress component, the approach does
not provide information about the hydrostatic stress in the grains.
Van Acker et al [10] resolve such conflict by assuming the pressure to be the same
in all grains and equal to the overall hydrostatic stress, which follows from the boundary
conditions of the test. Their model, however, is based on the Taylor approach for describing
the plastic deformation of the aggregate, followed by a Voigt model to describe the elastic
unloading of the specimen. The condition of equal strain in all the grains, however, imposes
severe restrictions on the stress and tends to disregard the equilibrium condition and the
grain anisotropy. For this reason, in this work we adopt the idea of Van Acker et al but
implement it within a scheme consisting of a self-consistent viscoplastic loading followed
by self-consistent elastic unloading. This approach does not require any assumptions on the
hydrostatic pressure distribution prior to unloading, since that is a result of the extended
VPSC model. In addition, the self-consistent (SC) formulation allows us to consider the
relative anisotropy of grain and matrix, within both the plastic and the elastic regimes.
The self-consistency of the solution requires a more subtle treatment of the hydrostatic
component, which is not uniform in our formulation.
The mechanical properties of a polycrystalline aggregate are heterogeneous, i.e. they
vary from grain to grain. The SC models for the prediction of the mechanical behaviour of
polycrystals are based on treating each grain or cluster of grains as local inhomogeneities
embedded in an homogeneous equivalent medium (HEM) having the same overall response
as the polycrystal (see for example Molinari et al [11], Lebensohn and Tomé [12]). This
approach requires us to solve the interaction of each grain (or cluster of grains) with the
HEM. The self-consistency of the solution follows from requiring the assumed properties
of the HEM to be consistent with the spatial averages of the local states. Since the
inhomogeneity problem can be formulated in terms of an equivalent inclusion problem
[13], we shall refer to the grains (inhomogeneities) as inclusions in what follows.
Examples of SC viscoplastic polycrystal models include those developed by Hutchinson
[14] to study thermal creep, by Molinari et al [11] and Lebensohn and Tomé [12] to analyse
texture development associated with plastic forming, and by Tomé et al [15] to model
linear creep and growth. All viscoplastic models have in common the fact that the medium
is incompressible: the local and the overall response are independent of the hydrostatic
pressure component, and deformation takes place without volume change. Consequently,
there is an indeterminacy in the mathematical relation between Cauchy stress and strain rate.
Since the Eshelby solution relies on the existence of a stiffness which determines a linear
and one-to-one relation between the six independent components of the Cauchy stress and
the components of the strain (or strain rate) tensor, the classical Eshelby solution cannot be
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directly applied to the viscoplastic inclusion.
To overcome this singular behaviour, Hutchinson [14] and Lebensohn and Tomé [12]
assumed a small (but non-zero) fictitious compressibility in the medium and replaced the
elastic stiffness by this ’slightly compressible’ viscoplastic stiffness in Eshelby’s solution.
Molinari et al [11], on the other hand, applied a different strategy to find the exact solution
of the viscoplastic inclusion problem. They solved the equilibrium equation by separating
the deviatoric and the hydrostatic components of the stress, and using the incompressibility
condition as an extra equation to determine the pressure, which allows one to calculate
the local Cauchy stress associated with plastically deforming aggregates. Once the Cauchy
stresses are known, it is possible to simulate the elastic unloading of the aggregate and
evaluate the associated residual stresses.
In section 2 of this work we cast the theory of incompressible viscoplastic aggregates
of Molinari et al [11] within the framework of the incompressible inclusion, derive closed
integrals for the calculation of local Cauchy stresses, and propose a method for transferring
from the viscoplastic to the elastic regime before unloading the aggregate. The anisotropy
of the inclusion and of the surrounding medium are explicitly included in the formulation.
In section 3 we present a simple application of the model, since the emphasis of the paper
is on the method itself and not on a detailed analysis of a particular system. We predict the
distribution of intergranular residual stresses associated with cold working of the austenitic
alloy Incoloy-800 used in the fabrication of heat exchangers. Finally, in section 4 we draw
some general conclusions concerning the validity and limitations of this approach. To enable
the reader to follow the flow of ideas more easily, we have tried to reproduce the equations
associated with the method in some detail. This implies some degree of repetition (but also
further expansion and derivation of explicit expressions) of the previous work of Molinari
et al [11] and Lebensohn and Tomé [12]. We feel that it is important to collect together all
these elements in a single paper which is both comprehensive and sufficiently detailed for
easy implementation.
2. Extension of the viscoplastic self-consistent model
2.1. Viscoplastic inclusion problem
In this section we combine elements of the formulations presented by Molinari et al [11]
and Lebensohn and Tomé [12] for viscoplastic aggregates and repeat the relevant equations.
The stress and the strain rate in the domain of the grains are homogeneous, as a result of
linearizing the constitutive response and assuming ellipsoidal grain shape. Repeated indices
indicate summation, bold letters second- and fourth-order tensors, and the symbol ‘:’ denotes
the double-contracted tensor product.
At the grain level (i.e. the viscoplastic inclusion), the strain rate is assumed to be related
to the deviatoric stress through a nonlinear rate-sensitive equation:
 s

X
X
m : σ0 n
msij γ̇ s = γ̇0
msij
(1)
˙ij =
τ0s
s
s
where ms , γ˙s and τ0s are, respectively, the Schmid tensor, the single-shear rate and a
threshold stress (that can be identified with the critical resolved shear stress (CRSS) of slip
system (s), n is the reciprocal of the rate sensitivity, and γ̇0 is a reference rate. The sum runs
over the complete set of active slip systems. The constitutive equation may be expressed
using either the secant or the tangent form:
˙ = M c(sec) : σ 0

(2a)
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˙ = M c(tan) : σ 0 + ˙ 0

where the local secant compliance of each individual grain is defined by:
X msij mskl  ms : σ 0 n−1
=
γ̇
.
Mijc(sec)
0
kl
τos
τ0s
s

(2b)

(3)

The tangent form (equation (2b)) follows from taking a Taylor expansion around a fixed
value of stress, and ˙ 0 is a back-extrapolated term. From equation (1) it is easy to see that
the secant and tangent compliance of the single crystal are related through:
∂ ˙ij
= nMijc(sec)
kl .
∂σkl0

Mijc(tan)
kl =

(4)

Secant and tangent constitutive laws of the form of (2) can be assumed to describe the
overall response of the polycrystal (i.e. the viscoplastic HEM):
˙ = M (sec) : σ 0
˙ = M (tan) : σ 0 + ˙
(sec)

(5a)
0

(5b)

(tan)

and M
are the overall (polycrystal) secant and tangent compliance tensors,
where M
0
0
while ˙ and σ are the overall strain-rate and stress tensors, respectively and ˙ is the
macroscopic back-extrapolated term. Hutchinson [14] proves that the tangent and secant
moduli of the aggregate are simply proportional to each other, as they are in the single
crystal:
Mij(tan)
kl =

∂ ˙ ij
= nMij(sec)
kl .
∂σ 0kl

(6)

For what follows it is convenient to rewrite the strain rate in the inclusion (equation (2b))
as:


0
˙ = M (tan) : σ 0 + ˙ + ˙ ∗
(7)
where:




0
˙ ∗ = M c(tan) − M (tan) : σ 0 + ˙ 0 − ˙

(8)

is a fictitious strain rate that allows one to regard the inhomogeneity as an inclusion with
the same properties as the effective medium. Defining the local deviations of the stress and
strain rate from the overall values:
σ̃ 0 = σ 0 − σ 0
˜˙ = ˙ − ˙

(9a)
(9b)

and combining equations (5), (7) and (9) we obtain:
˜˙ − ˙ ∗ = M (tan) : σ̃ 0 .
Equation (10) can be formally inverted to give:
h
i
σ̃ 0 = L(tan) : ˜˙ − ˙ ∗

(10)

(11)

where L(tan) is the fourth-order tangent viscoplastic stiffness tensor. In appendix A we show
how to calculate L(tan) from M (tan) using a deviatoric space representation. This procedure
is different from the approximate penalty method used by Hutchinson [14] and Lebensohn
and Tomé [12], involving the assumption of a small but non-zero compressibility.
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Following Molinari et al [11] we decompose the stress into its deviatoric and pressure
components, and express the equilibrium equation as:
0
+ p̃,i = 0
σij,j = σ̃ij,j = σ̃ij,j

(12)

where p̃ is the local deviation in pressure from the macroscopic pressure. Expressing the
strain-rate deviations in terms of displacement-rate deviations:

1 ˜
u̇k,l + u̇˜ l,k
(13)
˜˙ kl =
2
and replacing the constitutive equation (11) in the equilibrium equation (12) gives


∗
˜
(
r̄)
−

˙
(
r̄)
+ p̃,i (r̄) = 0.
(14)
u̇
L(tan)
k,lj
kl,j
ij kl
Equation (14) marks a general dependence upon the position. However, for the case under
consideration, the stress, the strain rate and the eigenstrain ˙ ∗ are uniform inside the domain
of the ellipsoidal inclusion. As a consequence, u̇˜ k,l and σ̃kl do not depend on r̄ inside the
inclusion domain. Adding the incompressibility condition, the complete set of differential
equations to be solved is:
˜
L(tan)
ij kl u̇k,lj (r̄) + p̃,i (r̄) + fi (r̄) = 0

u̇˜ k,k (r̄) = 0

(15)

where fi (r̄) is a fictitious force given by:
fi (r̄) = 1ij,j (r̄)

(16)

∗
1ij (r̄) = −L(tan)
ij kl ˙kl .

(17)

and

Expression (15) is a system of four differential equations with four unknowns: the
velocity field u̇˜ i (r̄) (i = 1, 2, 3) and the pressure field p̃(r̄). This system was originally
solved by Molinari et al [11] using the Green function approach. While the latter authors
did not make explicit use of the pressure in their application, their formal solution of the
incompressible inclusion problem represents an important advance over the approximate
solution that results from assuming a small compressibility. In appendix B we reproduce
their derivation in order to obtain explicit integral solutions for a fully anisotropic medium.
According to equation (B9), the strain-rate deviation can be written as:
˜˙ = S (vp) : ˙ ∗

(18)

where:
1
(Tij mn + Tj imn + Tij nm + Tj inm )L(tan)
(19)
mnkl
4
is the viscoplastic Eshelby tensor and the tensor T is given by equation (B11). Replacing
(18) in (10) gives a relation between the stress and the strain deviations in the inclusion:
(vp)

Sij kl =

˜˙ = −M̃ (vp) : σ̃ 0 .

(20)

In this interaction equation, M̃ (vp) is the interaction tensor, given by:
−1
M̃ (vp) = n I − S (vp)
: S (vp) : M (sec)
(tangent approximation). (21)
In equation (21) we have explicitly used the relation between the secant and the tangent
compliance (equation (6)), but the derivation is consistent with using the tangent constitutive
law (equation (5b)). On the other hand, if the secant approximation (equation (5a)) is
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assumed to describe the interaction between the inclusion and the HEM, the interaction
tensor to be used in (20) is affected by a factor n [12]:
−1
: S (vp) : M (sec)
(secant approximation).
(22)
M̃ (vp) = I − S (vp)
The differences in the predicted residual strains which arise from using the secant or the
tangent approximation will be discussed later in section 3.
Another magnitude of interest which follows from solving the viscoplastic inclusion
problem is the viscoplastic localization tensor B c(vp) , which determines a linear relation
between the stress in the inclusion and the overall stress. It follows from replacing (9a) in
the interaction equation (20) that:
where:

σ 0 = B c(vp) : σ 0

(23)


−1 

: M (sec) + M̃ (vp) .
B c(vp) = M c(sec) + M̃ (vp)

(24)

The second part of the incompressible inclusion problem addresses the pressure component,
and the pressure deviation is given by equation (B13) as:
p̃ = P : L(tan) : ˙ ∗ = P : L(tan) : S (vp)

−1

: ˜˙

(25)

where the second-order tensor P is given by (B14). Observe that the expression (25) allows
us to calculate the local deviation in pressure when the strain-rate deviation is known.
Equation (25) may be rewritten in the form of a localization for the pressure as:
!
−1
P : L(tan) : S (vp) : ˜˙
p̄
(26)
p = 1+
p̄
which allows us to combine equations (23) and (26) into an extended localization equation
for the Cauchy stress:
σ = B c(xvp) : σ.

(27)

When the tensors are represented in the symmetric basis described in appendix A this
c
to the 5 × 5 matrix representing the localization
amounts to adding a non-zero element B66
c(vp)
.
tensor B
2.2. Calculation of intergranular strains and stresses
The latter solution for the pressure can be included in a viscoplastic self-consistent
polycrystal model for calculating local Cauchy stresses. The self-consistent condition that
the overall secant compliance has to fulfil is [12]:
M (sec) = hM c(sec) : B c(vp) i.

(28)

The symbol h i denotes a polycrystal average, where each orientation is weighted by the
volume fraction that it represents. Once equation (28) is solved iteratively (i.e. the converged
values of the overall secant and tangent compliance are found) the complete overall state
can be obtained and the resulting interaction tensor can be used to obtain the local strain
rate and deviatoric stress by solving the interaction equation (20) for each grain. Once ˜˙ is
known the local deviation in pressure p̃ can be obtained from (25).
Usually, the overall applied boundary conditions contain information about at least one
diagonal component of the macroscopic Cauchy stress†. As a consequence, the overall
† For example: (i) channel die, with the rolling direction along: x1 : σ 11 = 0; (ii) uniaxial tension or compression
along x3 : σ 11 = σ 22 = 0.
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pressure p̄ can be readily calculated provided the overall deviatoric stress σ 0 is known from
the VPSC scheme. The overall and the local Cauchy stresses are subsequently obtained as:
σ ij = σ 0ij + p̄δij
σij =

σij0

+ (p̄ + p̃)δij .

(29a)
(29b)

The local stress states given by equation (29b) (obtained along a certain loading path)
are the stresses in each grain for the polycrystal under load. In order to calculate the
residual stresses it is necessary to unload the polycrystal, bringing to zero the overall stress.
The elastic unloading is calculated here by means of an elastic self-consistent model. Since
elasticity represents a truly linear relation between stress and (elastic) strain, the results of the
linearized viscoplastic model of the previous section apply exactly to elasticity. In particular,
equations (20)–(23) and (28) adopt the same algebraic form in elasticity, with viscoplastic
compliance, stiffness, and Eshelby tensors being replaced by the elastic counterparts, and
with the strain rate and deviatoric stress being replaced by the elastic strain and the Cauchy
stress. (See Hill [5], for details on the elastic self-consistent polycrystal formulation). As
a consequence, the localization equation now applies to the six independent components of
the Cauchy stress and reads:
σ = B c(el) : σ.

(30)

When unloading the aggregate, it is necessary to transfer from the viscoplastic to the
elastic regime. The transition has to be such that the local stresses and the macroscopic
applied stress calculated with the VPSC scheme become the initial loaded state from which
an elastic unloading is performed using the self-consistent elastic formulation. It is obvious,
from a comparison of the localization equations (27) and (30), that the same overall stress
σ will induce different internal stresses under the viscoplastic and the elastic regimes. The
way to preserve the same internal stress in the grains is to introduce a transformation strain
in each grain, that preserves the local stresses when the transition from the viscoplastic to
the elastic regime is performed. Such a transformation strain can be introduced by writing
the localization equation (27) in an alternative form, as:

(31)
σ = B c(el) : σ + B c(xvp) − B c(el) : σ.
The first term on the right-hand side is the stress localization in the grain induced by
loading elastically with the overall stress σ (see equation (30)), while the second term may
be interpreted as the fictitious transformation that keeps the stress in the grain invariant.
Unloading elastically amounts to bringing the overall stress to zero in the first term, which
gives a residual stress σ res in each grain as:

(32)
σ res = B c(xvp) − B c(el) : σ.
For future comparison with experiments and discussion, it is useful to define the
following elastic strains in the grain. The residual strain, associated with the residual
stress after unloading, is:
 res = M c(el) : σ res .

(33)

The elastic strain under load is:
 load = M c(el) : σ

(34)

while the elastic intergranular strain under load is defined as the difference between the
elastic strain in the grain and the overall elastic strain:
 int = M c(el) : σ − M (el) : σ.

(35)
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3. Results and discussion
3.1. Incoloy-800 – 12% tension
The model described in the previous sections has been applied to the prediction of residual
strains and stresses in Incoloy-800, an austenitic alloy with weight per cent composition
Fe45 Ni33 Cr22 , which is used in heat exchangers for its resistance to water corrosion. The
works of Holden et al [16] and Leitch and Tomé [17] analyse the distribution of residual
strains in Incoloy-800 tubes after plastic bending. Recently, Holden et al [18] have used
neutron diffraction to measure crystallographic lattice spacings in samples cut from rolled
Incoloy-800 along the rolling direction of the sheet, and subsequently deformed in tension.
Plastic deformation was accumulated by cyclic loading and unloading, while simultaneously
measuring the evolution of lattice spacings along RD.

Figure 1. (111) pole figure of:(a) rolled Incoloy-800 texture measured by Holden et al [18]; (b)
predicted texture after 12% tensile deformation along the RD; (c) predicted texture after 50%
compressive deformation along the RD.

In order to compare the present model predictions with these measurements, a uniaxial
tension test was simulated using an initial texture of 1356 discrete orientations with weights,
generated directly from the orientation distribution function measured by Holden et al [18].
The (111) pole figure is shown in figure 1(a). This texture exhibits a dominant {111} and a
secondary {100} component along the RD, i.e. a 21.2% and a 7.2% volume fraction of grains
have their {111} and {100} normals within 7.5◦ of RD, respectively. An initial spherical
grain shape and a value of n = 19 for the reciprocal of the rate sensitivity were adopted.
The value used for the initial CRSS on the {111}h110i slip system is τ0 = 85 MPa and the
coefficient of microhardening (assumed isotropic) is h = 330 MPa. The increment of the
CRSS of the slip system (s) is given by:
X
0
1γ s .
(36)
1τ0s = h ×
s0

The latter parameters were adjusted to match the loading curve measured by Holden et al
[18], shown in figure 2. The dotted line in figure 2 indicates the method used in VPSC to
simulate the deformation process, i.e. a uniform stress state which induces a certain strain
rate is assumed to be applied to the polycrystal during a time interval. After each time
interval (fixed so that the strain increment is 0.02) the orientations and the critical stresses
are updated and, therefore, the next incremental step requires a higher applied stress.
Uniaxial tension along the RD was simulated up to 12% strain (figure 1(b)), starting
from the initial rolling texture (figure 1(a)), and imposing zero lateral stresses on the sample.
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Figure 2. Loading curve along the RD for Incoloy-800 measured by Holden et al [18] (solid
symbols) and predicted with the VPSC model (dotted line and open symbols) using τ0 = 85 MPa
and h = 330 MPa.

In addition, deformation up to 50% strain in compression was simulated to investigate the
effect of texture development upon the residual stresses (see section 3.2). It can be seen in
figure 1 that, while the tensile deformation reinforces the {111} component along the RD,
compression reduces this component.
The single-crystal elastic constants used for the elastic unloading were also taken from
Holden et al [18]: C11 = 218 GPa, C12 = 141 GPa, C44 = 115 GPa. These values
show that Incoloy-800 has a high elastic anisotropy: the directional Young moduli along
h111i and h100i are Eh111i = 218 GPa and Eh100i = 107 GPa, respectively. The plastic
anisotropy of an FCC single crystal such as Incoloy-800 is also marked: the Taylor factors
for a single crystal under uniaxial tension are 3.67 and 2.45, along the h111i and h100i
directions, respectively.
The extended VPSC model can be used to calculate the elastic strain of the grains
that have a given crystallographic direction along a particular direction in the space. In
the present case, RD is an important direction. The comparison with the measurements of
Holden et al [18] requires the computation of the average longitudinal component of the
elastic intergranular strain under load and the residual strain (referred to, for brevity, in
what follows as ‘elastic strains’) for grains having their {111} and {100} normals along RD.
Table 1 shows such a comparison. From a qualitative point of view, both under load
and after unloading, the signs of the predicted elastic strains match the experiments. But,
on the other hand, the model overestimates the strains by factors of 1.5–3, depending on the
component. The relative values of the predicted elastic strains are consistent with the main
components of the texture, i.e. the strains on the secondary {100} component are larger than
and opposite in sign to those on the predominant {111} grains, in order to compensate for
the smaller fraction of {100} grains.
An interesting and apparently contradictory result is that, for both the h111i and the
h100i directions, the signs of the intergranular strains under load are the same as those of
the residual strains (negative and positive respectively). This can be explained in terms of
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Table 1. Residual and intergranular elastic strains (equations (33) and (35)) for grains with {111}
and {100} planes having their normal aligned with the RD of an Incoloy-800 plate. Measured
by Holden et al [18] and calculated with the VPSC model, after 12% tension along the RD.
Units of 10−4 .
{111}

Predicted
Measured

{100}

Intergranular
under load

Residual

Intergranular
under load

Residual

−4.1
−3.5

−1.4
−0.8

21.2
7.8

14.9
7.9

the relative elastic and plastic anisotropy. Figure 3 shows schematically the local response
of typical {111} and {100} grains together with the overall response of the polycrystal
(label PX) assuming that the directional Young modulus and the Taylor factor of the {111}
grains are higher than those of the {100} grains. For the {111} grain, although the yield
stress is higher than for {100}, it takes less elastic strain than the average to reach that
point because of the high elastic stiffness. Therefore, the elastic intergranular strain under
load (equation (35)) is negative. During unloading, the elastic slope of the {111} grain is
higher than the average slope and eventually the local elastic strain changes sign before the
overall stress is completely removed, giving a final negative residual strain (equation (33)).
An appropriate treatment of the local elastic and plastic anisotropy, as provided by the
self-consistent formulation, has been essential to capture this effect.
The model also allows one to study the variation of the elastic strains as a function of the
sample direction in which they are measured. An example of this is shown in figure 4 for

Figure 3. Schematic representation of the local and overall (PX) response of a textured
polycrystal with a {111} and a {100} texture component along the loading direction. The
directional Young modulus (Ehhkli and Taylor factor (Mhhkli ) of the {111} grains are higher than
those of the {100} grains.
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Figure 4. Calculated elastic strains after 12% tension in textured Incoloy-800 for grains with
{111} and {100} normals at an angle ψ from the RD towards the TD. Shaded regions are
proportional to the volume fraction of grains in diffracting conditions.

grains with their {111} and {100} normals at an angle ψ measured from the RD towards the
TD. In addition to the strain components along those directions of  res ,  load ,  int (equations
(33)–(35)) and of the macroscopic strain, the shaded regions at the bottom of the figure
represent, for each direction, the volume fraction of material in diffracting condition. While
the overall strain, which is by definition homogeneous, shows the classical linear behaviour
in this sin2 ψ plot, the other elastic strains depart from such behaviour. This departure,
which is particularly dramatic for the residual strains of the {100} grains, is associated
with the local heterogeneity of elastic and plastic deformation and is discussed in detail by
Holden et al [19].
3.2. Effect of texture development
One of the main advantages of the present model is that it can take account of the
development of texture and of internal states simultaneously. However, in the previous
example of 12% tension texture development does not play an important role, since it
is a relatively low deformation and the major texture components are reinforced under
such a strain path. Therefore, calculations for 50% compressive strain along the RD will be
presented in what follows, because they have associated substantial grain reorientations and,
as a consequence, texture variations. In these simulations the grain’s reorientation can be
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Table 2. Predicted residual strains (equation (33)) for grains with {111} and {100} planes
having their normal aligned with RD and TD of an Incoloy-800 plate, after 12% tension and
50% compression along the RD, with and without texture evolution. In parentheses: volume
fraction of grains that fulfil the diffraction condition. Units of 10−4 .
12% tension
{111}
RD
Without texture
evolution
With texture
evolution

TD

50% compression
{100}

RD

−1.3
0.3
14.2
(21.2%) (0.8%) (7.2%)
−1.4
−0.1
14.9
(39.8%) (0.5%) (9.5%)

{111}

TD

RD

TD

−5.2
(0.8%)
−6.7
(0.5%)

2.6
0.5
(21.2%) (0.8%)
1.6
−3.8
(0.8%) (14.7%)

{100}
RD

TD

−28.1 14.2
(7.2%) (1.5%)
−22.9
1.0
(1.0%) (10.2%)

deactivated (i.e. ‘freezing’ the initial texture) in order to study the effect of texture evolution.
Table 2 shows the intergranular strains under load and the residual strains for grains having
their {111} and {100} normals along RD of the Incoloy-800 plate, for 12% tension and
50% compression, with and without texture evolution. In addition, in parentheses, the
table shows the volume fraction of grains in diffracting condition. In the 12% tension
case, the texture development essentially consists of a reinforcement of the {111} and {100}
components along RD (see figure 1(b)). The predicted residual strains along RD with and
without texture evolution show only minor differences. On the other hand, there is a drastic
change of the texture after 50% compression (see figure 1(c)), namely: the h111i and h100i
directions are predominantly aligned with TD instead of RD. Consequently, the predicted
elastic strains along TD present important differences when calculated with and without
texture evolution.
3.3. Comparison with other models
The inquisitive reader must be wondering how the strains predicted using this extended
VPSC model compare with the predictions of a better established EPSC model, such as
that of Hill [5]. As we argue in the introduction, the VPSC method is a well established
method for the description of texture evolution and large-deformation response, and it is the
evolution of plastic properties (not elasticity) that controls such a regime. However, does
one expect the EPSC model to converge to the VPSC at large strains, provided that one does
not take into account grain reorientation? Before answering this question we have to bring
into consideration other features of these models. The VPSC formulation is based on an
interaction between inclusion and HEM (equation (21)) described by the tangent compliance.
This interaction is n times more compliant than that described by the secant compliance
(equation (22)), and allows for larger strain deviations in the grains from the average. In
other words, a secant formulation gives results which are closer to an upper bound, a feature
which is connected to Hutchinson’s viscoplastic self-consistent model [14]. The latter model
is based on an incremental formulation, where a linear relation is assumed between strainrate increments and stress increments, and the results tend to coincide with those for an
upper-bound (Taylor) model as the reciprocal of the rate sensitivity n increases. Lebensohn
and Tomé [12] discuss such a response, and argue that the incremental formulation is
equivalent to adopting a secant stiffness in a non-incremental formulation. More recently,
Molinari et al [6] arrive at the same conclusion via a more formal analysis and critical
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comparison of several elasto-plastic, visco-elastic and viscoplastic models.
Now, as far as the EPSC model of Hill [5] and Hutchinson [20] is concerned, this is an
incremental formulation where stress increments are linearly related to strain increments. As
a consequence, this is also characterized by a secant stiffness and a rather rigid interaction
[6]. We are not implying here that tangent is more appropriate than secant for describing the
heterogeneity in the response of aggregates, and the truth most probably lies in between the
two cases. However, independently of this issue, if we wish to compare the residual stresses
predicted with our extended VPSC model and those predicted with the EPSC formulation
of Hill, we need to use the second version (equation (22)) of the VPSC model.

Figure 5. Elastic residual strain after 12% tension along the RD of an Incoloy-800 sheet, for
grains with {111} and {100} normals at an angle ψ from the RD towards the TD, calculated with
EPSC, secant VPSC and tangent VPSC models. Solid symbols correspond to values measured
by Holden et al [18].

Figure 5 shows predictions in a sin2 ψ plot for the textured Incoloy-800 plate after
12% tension along RD, calculated with the tangent VPSC, the secant VPSC and the EPSC
models (see Turner and Tomé [21] for a description of the implementation of the Hill–
Hutchinson EPSC model). Observe, on the hand, that the intergranular strains induced by
the mechanical loading introduce a clear deviation from the linear dependence upon sin2 ψ
predicted by homogeneous continuum deformation theory. We verified that the effect of
texture evolution is not important after 12% tension, and the differences between the EPSC
and the two VPSC models are mainly due to the different constitutive behaviours assumed
by each model. It is clear from the residual strains plotted in figure 5 for {111} and {100}
orientations that, despite some quantitative differences, the secant form of the extended
VPSC model and the EPSC model predict similar profiles of residual stresses. In particular,
both approximations give very small residual strains in {111} and {100} planes along RD,
unlike the measurements of Holden et al [18], which indicate the presence of non-negligible
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strains in both cases.
The tangent VPSC model, on the other hand, predicts results which are not only
quantitatively different from those for the EPSC and the secant VPSC models, as is evident
from figure 5. Specifically, the tangent VPSC predicts the compressive strain in the {111}
planes aligned with RD, and the tensile strain in the {100} planes, in agreement with result
of Holden et al [18].
4. Conclusions
We present an extended VPSC model for the calculation of residual stresses associated with
cold working as an alternative to performing an elasto-plastic simulation of the aggregate
deformation. This approach, which is an extension of well established plastic deformation
models, allows us to keep track of the evolution of the texture and the local Cauchy
stress in each grain of a polycrystal, simultaneously. Our approach is based on a selfconsistent solution of the incompressible inclusion problem, where the local deviatoric and
pressure components of the stress follow from solving equilibrium and the condition of
incompressibility. We propose a way of transferring from the elasto-plastic regime to an
elastic regime that leaves the local and overall stress tensors invariant, followed by an
elastic self-consistent unloading that gives the intergranular residual states in the grains.
The model is used to predict residual strains in rolled Incoloy-800 deformed in tension and
compression, and a comparison is performed with available experimental estimates. This
comparison indicates that the results of this approach are consistent with the experimental
evidence. The results are also compared with the predictions of a stiffer VPSC model and
a classical EPSC model.
While it is not the intention of this work to validate the model based on the limited
comparison with experimental evidence, it is reassuring to observe that the two are
consistent. A critical validation of the model would require the exploration of several
alternatives, which is not the aim of this paper. A possible improvement would be to use
an elasto-plastic unloading instead of a pure elastic springback in order to calculate the
residual stresses. According to our experience, the amount of plastic deformation induced
by intergranular interactions during the unloading stage is negligible for cubic and hexagonal
aggregates [21]. Any premature Bauschinger effect observed before the stress crosses the
horizontal axis is more probably due to intragranular dislocations mechanisms, such as
recovery of dislocations of opposite sign, a feature which is not taken into account by any
of the polycrystal models discussed above.
Here, we assume isotropic crystallographic hardening in order simplify the analysis, but
we have verified that hardening plays an important role in determining the final residual
strains after unloading. Latent and self-hardening schemes will have to be explored
when making a critical comparison of models. Furthermore, validation of the model
will require comparison with measurements of residual strains performed for different
crystallographic planes, in different directions, at different amounts of deformation and
for different deformation modes. Such a comparison was recently made by Tomé et al
[22] for another Ni based alloy of cubic structure, Monel-400. In particular, the latter
authors compare the predictions of the three models discussed above with experimentally
measured residual strains. They conclude that none of the models has a clear advantage in
reproducing all the experimental results, at least within the strain range for which data are
available ( < 8%).
Whereas in this work we use the incompressibility condition to calculate the hydrostatic
stress component in each grain before transferring to the elastic regime, other approaches are
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feasible. For example, the local pressure may be given by an elasto-plastic self-consistent
calculation, for an aggregate loaded with the overall stress σ. It is interesting to notice
that the local pressure given by such an approach is uniform for a cubic aggregate loaded
elastically. It is not uniform, however, for non-cubic aggregates or for cubic aggregates
deforming elasto-plastically. Independently of the procedure used to evaluate the local
pressure, the transition between the viscoplastic and the elastic regime still requires the use
of a fictitious transformation strain (equation (31)) in order to keep the local and overall
stress tensors invariant.
In conclusion, we should like to state that the extended VPSC model seems to be a valid
option for calculating residual strains associated with cold-working operations. While it can
be used to address large strains and texture development, the method is not concerned with
stress spins. Instead, reorientation and local stress updates take place incrementally, via
relatively large steps of about 2% deformation. This represents an advantage over elastoplastic models, which require much smaller strain increments (of about 0.01%) and longer
execution time. The disadvantage is that, since the model disregards the elastic component
during loading, it is not applicable to small-strain regimes ( < 2%) where the elastic and
the plastic components are comparable.
Appendix A. Separation of deviatoric and hydrostatic components
When dealing with incompressible media, it is convenient to explicitly decompose stress
and strain rate into deviatoric and hydrostatic components and to confine them to different
subspaces, which may be uncoupled for certain mechanical regimes. There are different
ways of achieving such a decomposition and the formulation described in section 2 of
this work is independent of the particular convention. In particular, for our calculations we
express second- and fourth-order tensorial quantities in an orthonormal basis of second-order
symmetric tensors {b(λ) }, defined as:






−1
0 0
−1 0 0
0 0 0
1
1
1
b(1) = √  0 −1 0
b(2) = √  0 1 0
b(3) = √ 0 0 1
6
2
2 0 1 0
0
0 2
0 0 0


.(A1)




1 0 0
0 0 1
0 1 0
1
1
1
b(5) = √ 1 0 0
b(6) = √ 0 1 0
b(4) = √ 0 0 0
3 0 0 1
2 1 0 0
2 0 0 0
The components of this basis have the property:
bijλ bijλ0 = δλλ0

(A2)

and provide a unique ‘vector’ and ‘matrix’ representation of second- and fourth-order
symmetric tensors, respectively. In the particular case of the stress tensor:
σij = σλ bijλ

(sum on λ)

(A3)

σλ = σij bijλ

(λ = 1, . . . , 6).

(A4)

where:

The orthonormality of the basis guarantees that the six-dimensional strain-rate and stress
vectors are work conjugate, i.e.
˙λ σλ = ˙ij σij .

(A5)
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The explicit form of the components σλ is:



√
√
2σ33 − σ11 − σ22 σ22 − σ11 √
σ11 + σ22 + σ33
,
, 2σ23 , 2σ13 , 2σ12 ,
√
√
√
6
3
2


.

(A6)

and similarly for the components λ . These ‘vector’ components coincide with those used
by Lebensohn and Tomé [12]. It is clear that in this representation the first five components
are deviatoric and the sixth is proportional to the hydrostatic component of the tensor. The
deviatoric stress and the incompressible strain rate are given by the first five components
as:
σij0 = σλ bijλ

(λ = 1, . . . , 5)

(A7)

˙ij =

(λ = 1, . . . , 5).

(A8)

˙λ bijλ

The viscoplastic constitutive laws given by equations (2) and (5) are expressed in the
cartesian space, where they have the disadvantage of being non-invertible because the
compliance tensor of an incompressible medium is singular in the cartesian space. In
what follows, we show how they can be inverted when represented in a five-dimensional
deviatoric subspace. The procedure will be applied to the more general tangent form
of the constitutive equation, although the same considerations apply to the secant form.
Equation (2b) is expressed in terms of the cartesian components as:
0
0
˙ij = Mij(tan)
kl σkl + ˙ij .

(A9)

Contracting both members of this equation with bλ and using (A7), this equation
becomes:
0

λ
λ 0
bijλ ˙ij = bijλ Mij(tan)
kl bkl σλ0 + bij ˙ij

(λ, λ0 = 1, . . . , 5)

(A10)

that is:
(λ, λ0 = 1, . . . , 5)

(tan)
˙λ = Mλλ
˙λ0
0 σλ0 + 

(A11)

where (M (tan) ) is a 5 × 5 matrix defined by the components of the tensor in the basis bλ as:
0

(tan)
λ λ
Mλλ
= Mij(tan)
0
kl bij bkl

(λ, λ0 = 1, . . . , 5).

(A12)

Equation (A11) can be inverted in the five-dimensional subspace, giving:
(λ, λ0 = 1, . . . , 5)

0
σλ = L(tan)
λλ0 ˙λ0 + σλ

(A13)

where (L(tan) ) = (M (tan) )−1 is a well defined 5 × 5 matrix that determines a linear relation
between the deviatoric stress components and the deviatoric strain rate components and σλ0
is a back-extrapolated stress. Equation (A13) can now be expressed in terms of the cartesian
tensor components:
0
σij0 = L(tan)
ij kl ˙kl − σ kl
0

(A14)

where
0

(tan) λ λ
L(tan)
ij kl = Lλλ0 bij bkl

(λ, λ0 = 1, . . . , 5).

(A15)
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Appendix B. Solution of the viscoplastic inclusion in an incompressible medium
The solution of the viscoplastic inclusion embedded in an incompressible medium was
derived by Molinari et al [11]. Here we reproduce their formulation in more detail, in order
to derive explicit integrals for the evaluation of local strain-rate and pressure deviations in
anisotropic media. The goal is to solve the system (15) of four differential equations with
four unknowns: the velocity field deviation u̇˜ and the pressure deviation p̃. The Green
functions for the velocity field, Gij (r̄), and for the pressure, Hi (r̄), are the solutions of the
following set of equations:
0
0
0
L(tan)
ij kl Gkm,lj (r̄ − r̄ ) + Hm,i (r̄ − r̄ ) + δim δ(r̄ − r̄ ) = 0

Gkm,k (r̄ − r̄ 0 ) = 0.

The Fourier transforms of the Green functions are defined by:
Z
Ĝij (k̄) =
Gij (r̄) exp(ik̄ · r̄) dr̄
3
ZR
Hi (r̄) exp(ik̄ · r̄) dr̄.
Ĥi (k̄) =

(B1)

(B2a)
(B2b)

R3

Applying the Fourier transform to (B1) converts the set of differential equations into an
algebraic linear system:
2
αl αj L(tan)
ij kl (k Ĝkm (k̄)) + αi (ik Ĥm (k̄)) = δim

αk (k 2 Ĝkm (k̄)) = 0

where ᾱ is the unit vector along the direction of k̄ (a vector of the transformed
k̄ = k ᾱ. Calling Aik = αl αj L(tan)
ij kl , equation (B3) can be re-written as:
  2
 

k Ĝ11 k 2 Ĝ12 k 2 Ĝ13
1 0
A11 A12 A13 α1
A21 A22 A23 α2  k 2 Ĝ21 k 2 Ĝ22 k 2 Ĝ23  0 1
 
 

A31 A32 A33 α3  × k 2 Ĝ31 k 2 Ĝ32 k 2 Ĝ33  = 0 0
α1
α2
α3
0
0 0
ik Ĥ1 ik Ĥ2 ik Ĥ3

(B3)
space), i.e.

0
0
 (B4)
1
0

which is equivalent to:
(A)4×4 × (X)4×3 = (C)4×3

(B5)

(X) = (A)−1 × (C).

(B6)

whence:
2

Hence the tensors k Ĝij and ik Ĥi are real functions of ᾱ (but not of k̄), and are obtained
as two submatrices of (X).
Appendix B.1. Solution for the strain rate
In terms of the Green function, the velocity field is given by:
Z
u̇˜ n (r̄) =
Gni (r̄ − r̄ 0 )fi (r̄ 0 ) dr̄ 0 .

(B7)

Using equation (16), taking derivatives and integrating by parts gives:
Z
Z
u̇˜ n,m (r̄) =
Gni,m (r̄ − r̄ 0 )1ij,j (r̄ 0 ) dr̄ 0 =
Gni,mj (r̄ − r̄ 0 )1ij (r̄ 0 ) dr̄ 0

(B8)

R3





where 1ij (r̄) is defined by equation (17) and  is the volume of the inclusion, i.e. the
domain where the fictitious force is non-zero. If ˙ij∗ is not a function of r̄ and the inclusion
domain is ellipsoidal and the compliance of the medium is spatially uniform (as resulting
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from tangent linearization, see equation (5b)), the constant value of the velocity gradient
inside the inclusion is:


Z Z
1
(tan) ∗
∗
Gni,mj (r̄ − r̄ 0 )dr̄ dr 0 L(tan)
(B9)
u̇˜ n,m = −
ij kl ˙kl = Tmnij Lij kl ˙kl .
  
The tensor Tmnij can be expressed in terms of the inverse Fourier transform Ĝij (k̄):
Z Z Z
1
αm αj (k 2 Ĝni (k̄)) exp(ik̄ · (r̄ − r̄ 0 )) dk̄ dr̄ dr̄ 0 . (B10)
Tmnij = −
   R3
An explicit integration reduces the expression (B10) to:

 Z 2π Z π
αm αj (k 2 Ĝni )
abc
sin θ dθ dϕ
Tmnij =
4π
ρ3
0
0

(B11)

where (a, b, c) are the principal axes of the ellipsoid, θ and ϕ are the spherical coordinates
of the unit vector α̃, the vector ρ̄ is defined as (aα1 , bα2 , cα3 ) and the tensor (k 2 Ĝij ) (a
function of α) is given by (B6). The integral can be efficiently solved numerically using
the Gauss quadrature technique.
Appendix B.2. Solution for the pressure
Analogous to (B7), the local pressure deviation is given by:
Z
Z
0
0
0
Hi (r̄ − r̄ )fi (r̄ ) dr̄ =
Hi,j (r̄ − r̄ 0 )1ij (r̄ 0 ) dr̄ 0 .
p̃(r̄) =


(B12)



For constant ˙ij∗ inside an ellipsoidal domain , the constant value of p̃ can be calculated
as:


Z Z
1
(tan)
∗
p̃ = −
Hi,j (r̄ − r̄ 0 ) dr̄ dr̄ 0 L(tan)
(B13)
ij kl ˙kl = Pij Lij kl ˙kl .
  
Using equation (B2b), the tensor Pij can be written as:
Z Z Z
1
αj (ik Ĥi (k̄)) exp(ik̄ · (r̄ − r̄ 0 )) dk̄ dr̄ dr̄ 0
Pij =
   R3

 Z 2π Z π
αj (ik Ĥi )
abc
=
sin θ dθ dϕ.
4π
ρ3
0
0

(B14)

The tensor (ik Ĥi ) is given by (B6) and, as for (B11), this integral can be evaluated
numerically using the Gauss technique.
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