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ABSTRACT 

Neutron diffraction has been used for engineering applications for nearly three decades. The 

basis of the technique is powder diffraction following Bragg’s Law. The measured diffraction 

patterns provide information about internal strains, texture and microstructure, which can be 

deduced from the peak positions, peak intensities, and peak widths, respectively. Most structural 

materials are anisotropic on the grain level and thus the effects of intergranular strains must be 

considered, and combining the neutron diffraction measurements with polycrystal deformation 

modeling has proven invaluable in determining the overall stress and strain values of interest in 

designing and dimensioning engineering components. Furthermore, the combined use of 

diffraction measurements and polycrystal deformation modeling has provided a unique tool for 

elucidating basic material properties, such as critical resolved shear stresses for the active 

deformation modes and their evolution as a function of applied deformation. 

1. INTRODUCTION 

The penetration depth of neutrons is on the order of centimeters for many common structural 

metals, such as steel, aluminum, nickel, magnesium and titanium, and thus in combination with 

gauge volumes in the range of 1-1000 mm
3
, they provide a true bulk measurement of the 

behavior of materials without having to deal with surface specific conditions. The deep 

penetration facilitates the use of advanced sample environment for in-situ type measurements as 

it is easy to design load frames, furnaces, cryogenic chambers, etc., that allow for neutron 

access. There are two main categories of engineering related neutron diffraction measurements; 

spatially resolved measurements, and in-situ measurements. The former addresses the variation 

of stress as a function of location within a component, such as stresses due to forming (Webster 
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1994) and diffusion welding (Winholtz and Krawitz 1995; Bouchard et al. 2005), friction stir 

welding (Staron et al. 2002), thermal stresses in composites (Fitzpatrick et al. 1995; Daymond 

and Withers 1996), and changes in stresses during a components life cycle (Holden et al. 1988; 

Jun et al. 2009). In these types of measurements the results have been used to refine and validate 

numerical calculations, such as finite element model (FEM) calculations (Saigal et al. 1993; 

Richards et al. 2007), and as it is a non-destructive technique, the diffraction measurements have 

been used to validate other residual stress measurements techniques, e.g. hole drilling (Yazdi et 

al. 1998; Stefanescu et al. 2003) and contour method (Zhang et al. 2004; Pagliaro et al. 2009) as 

multiple techniques can be applied to the same sample. The latter category, in-situ 

measurements, is mainly aimed at determining the mechanical behavior and micromechanics of 

advanced materials under conditions that approximate the processing or operation conditions of 

engineering materials, such as superalloys in jet turbines (Ma et al. 2008), shape memory alloys 

in low temperature actuators (Krishnan et al. 2008) and piezo-electric actuators (Jones et al. 

2007). Furthermore, performing spatially resolved measurements during processing, such as 

friction stir welding (Woo et al. 2007), can provide detailed information about the transient 

material behavior.  

In the present work, we will focus on the coupling of in-situ neutron diffraction measurements 

and polycrystal deformation modeling, how the evolution of the experimental techniques has 

driven the development of the models, and vice versa. The in-situ loading measurements provide 

direct information about the internal strains within a material as a function of e.g. applied load 

(Allen et al. 1992), temperature (Choo et al. 1999), magnetic field (Glavatska et al. 2003; 

Molnar et al. 2008), or combinations thereof (Daymond at al. 1999). This paper will describe the 

coupled recent advances in experimental and self-consistent polycrystal deformation models that 

have resulted in higher fidelity between the two. The elastic-plastic self-consistent (EPSC) 

model has successfully been used to investigate high symmetry materials, such as aluminum 

(Pang et al., 2000) and stainless steel (Clausen et al. 1999), where dislocation glide is the main 

deformation mode. Historically, the experiments and models have been connected by the 

determination and calculation of the internal strains, at the grain level. More recently, the 

inclusion of grain rotations and stress relaxation associated with deformation twinning (Clausen 

et al. 2008) has allowed for modeling of a new class of materials, i.e. low symmetry materials 

that lack sufficient slip systems for accommodating arbitrary deformation, and as a result, twin 

proficiently. Neil et al. (Neil et al. 2010) expanded the EPSC model framework to a large strain 

formulation, including the kinematics of large strains and rigid rotations, and the evolution of 

texture and grain shape due to large scale plasticity. The predicted texture changes due to 

twinning and large scale plasticity can be compared directly with neutron diffraction 

measurements providing a second level of critical comparison between model and experiment. 

Finally, a dislocation based hardening law has been introduced into the self-consistent models to 

make the constitutive law more physically based, as opposed to empirical. The predicted 

development of dislocation densities can be directly compared to measured dislocation densities 

determined from peak width and peak profile changes. Thus we see that as either deformation 

characteristics or the materials themselves have become more complicated, both the 

experimental and modeling techniques have evolved to provide additional layers of comparison. 

Examples experiments related to each of these model developments will be presented. 

2. NEUTRON DIFFRACTION MEASUREMENTS 

The basis for strain measurement via diffraction is the interatomic spacing within the grains 

comprising the crystalline material; the lattice plane spacing is used as an internal strain gauge 

and thus the technique provides strain information on the length scale of the grains. In general 
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there are two categories of neutron sources; monochromatic sources, such as a nuclear reactor, 

and polychromatic sources, such as a spallation source, see e.g. (Wenk 2006). In both cases the 

lattice spacing, hkld , is determined from Bragg’s law; 

 hklhkld  sin2 ,  (1) 

where   is the wavelength and hkl  is the scattering angle for the reflection given by the Miller 

indices hkl . At a constant flux source, such as a nuclear reactor, the wavelength of neutrons 

selected by a monochromator crystal is constant and the scattering angle is scanned to reveal the 

interatomic spacing, see e.g. (Clausen and Lorentzen 1997). In contrast, at a polychromatic 

source, it is the scattering geometry which is fixed and the wavelength is scanned to determine 

the lattice spacing, see e.g. (Wang et al. 2002). Although both techniques can provide the same 

information, there are subtle but important differences that should be discussed. The time 

averaged neutron flux at a given wavelength at a reactor source is generally much higher than at 

a spallation neutron source, which means that one can measure a single diffraction peak faster at 

a reactor source. However, to measure multiple peaks at a reactor it is necessary to change the 

scattering geometry (-2 scans are necessary to measure multiple reflections in the same 

sample direction) which is a relatively slow process. In general the count time for a given gauge 

volume is larger at a polychromatic source, but contrary to the monochromatic technique, the 

time-of-flight (TOF) technique utilized at polychromatic sources enables measurement of a full 

diffraction pattern in each measurement (typically a 1.5-3.5 Å d-spacing range, depending on 

the instrument). One further advantage of the TOF technique is that the scattering vectors for all 

the peaks in the pattern are parallel. This means that all the strains determined from the peaks 

are in the same direction, and the intensities of the peaks can directly be represented in an 

inverse pole figure, and likewise, strains can be represented as an inverse strain pole figure 

(Brown et al. 2003; Wang et al. 2007). 

Following Hutchings et al. (Hutchings 2005), the total stress in a polycrystal can be described by 

stresses on three length scales; Type I, II and III stresses, representing the macro, intergranular 

and intragranular stresses, respectively. The peak shifts measured by diffraction are influenced 

by both Type I and II stresses, but not the Type III stresses. The Type III stresses arise from 

defects within the lattice and non-uniform stresses within the grain, and they do influence the 

peak width and shape, as discussed later. For all diffraction based strain measurements, the 

lattice strain, hkl , is determined by the change in the measured lattice plane spacing, hkld , with 

respect to an assumed stress-free standard; 
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where hkl  are the Miller indices for the given diffraction peak. Inherently, the lattice strains 

measured by diffraction are elastic in nature as they originate in the change in separation of the 

lattice planes, and plastic deformation is accommodated by mechanisms not affecting the atomic 

spacing, such as slip and twinning. Hence, the strain measurement does not provide any direct 

information about plastic strain incurred by the sample. However, it should be noted that the 

measured elastic strains are directly proportional to the stress in the grains, which can often be 

related to the specific active plastic deformation modes. Furthermore, the measured lattice strain 

is directional, i.e. it is measured along the lattice plane normal that coincide with the scattering 

vector, and it is an average over all the grains contributing to the specific diffraction peak. 

Hence, the diffraction technique is probing unique sub-sets of grains within the polycrystal 

related to each other by a common crystallographic orientation relative to the diffraction vector 
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defined by the instrument, and thus it is well suited to determination of intergranular stresses, or 

Type II stresses as defined above. This, on one hand, makes it non-trivial to relate the measured 

lattice strains to the bulk macroscopic residual stresses that are generally of interest to the 

structural engineer, and on the other hand it makes diffraction a great tool to investigate the 

micromechanics of deformation.  

One of the main sources of intergranular strains is the inherent elastic and plastic anisotropic 

exhibited by most materials on the grain level. The single crystal elastic constants of even cubic 

materials are anisotropic, to varying degrees. In the plastic regime, the anisotropy is dictated by 

the availability of deformation modes and their crystallographic characteristics. High symmetry 

materials generally have only one or a few deformation modes, such as the {111}(110) slip 

system in FCC materials. Due to the high multiplicity, there are many systems for each mode, 

and effectively, the plastic anisotropy is relatively low. In contrast, low symmetry materials 

have multiple active deformation modes (HCP zirconium may have 4 or 5), but due to the low 

multiplicity each mode provides fewer systems. As some deformation modes are hard to 

activate, the plastic anisotropy for low symmetry materials is generally higher than for high 

symmetry materials. As described earlier, the strains measured by diffraction are highly 

influenced by intergranular strains, and obtaining representative macroscopic strains from the 

measured lattice strains is not trivial as discussed in detail by Daymond (Daymond 2004). The 

best approximation to a macroscopic average strain is a texture and stiffness weighted average 

of all available peaks, but in general the lattice parameters determined by Rietveld full pattern 

analysis also provides an acceptable average. The Rietveld analysis (Rietveld 1969) is based 

upon fitting a calculated diffraction pattern to the measured diffraction pattern, where the former 

is determined from a crystallographic model that takes into account pertinent material 

properties, such as space group, atom positions, structure factors, thermal parameters, texture, 

etc. However, as pointed out by Daymond (Daymond 2004), the crystallographic model in the 

Rietveld refinement does not include any elastic stiffness terms and thus it does not produce a 

rigorously correct lattice parameter average appropriate for determining the average strain in all 

cases.  

Texture determination. Texture information can readily be extracted from the diffraction data 

via the measured peak intensities. For full texture analysis, i.e. full orientation distribution 

function (ODF) determination, without assuming any symmetry in the measured texture, 

multiple diffraction peaks in multiple directions must be measured. At a monochromatic source, 

this is typically achieved directly by measuring pole figures for a minimum of three 

crystallographic reflections, while the sample is rotated around two axes in a gonoimeter to 

access the needed real space coverage. Contrary to the strain measurements, it is not crucial that 

all the diffraction peaks are measured in the same direction with respect to the sample, and thus 

one-dimensional curved detectors can be used to measure multiple peaks simultaneously, see 

e.g. (Benmarouane et al. 2005). At a polychromatic source with fixed detectors, many 

diffraction peaks are recorded simultaneously with collinear diffraction vectors. In other words, 

at a polychromatic source, the inverse pole figure is measured directly, i.e. reciprocal space is 

heavily sampled. This reduces the necessary real space coverage (sample re-orientation) in the 

determination of the ODF, simplifying the use of ancillary equipment and allowing for various 

in-situ texture determination, such as stress (Hartig et al. 2006) and temperature (Lonardelli et 

al. 2007). For the HIPPO instrument at Los Alamos Neutron Science Center (LANSCE) only 

four sample rotations about one axis are needed for sufficient pole figure coverage (Wenk et al. 

2003). In most cases, when multiple peaks are recorded in one diffraction pattern, Rietveld 

refinement is the preferred method of determining the ODF from the measured data, utilizing 

either spherical harmonics or the WIMV method (Matthies et al. 1998), as implemented in the 

software packages GSAS (Von Dreele 1997) and MAUD (Lutterotti et al. 1997), respectively. 
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For a more detailed introduction to methods related to texture analysis, see e.g. (Wenk 2006). 

Microstructure determination. In diffraction measurements, the peak width and the peak shape is 

influenced by the microstructure, i.e. intragranular heterogeneities, of the sample. Peak profile 

analysis is common to laboratory X-ray and synchrotron X-ray measurements where the high 

angular resolution enables determination of dislocation densities and crystallite size. Earlier 

work was based solely upon peak widths (Warren and Averbach 1950; 1952; Williamson and 

Hall 1953; Wilkens 1970), where more recent methods are based upon diffraction line profile 

analysis and full pattern analysis, e.g. (Ungár and Borbély 1996), and even allowing for 

determination of densities of multiple dislocation types and twin boundary density (Balogh et al. 

2009). Most engineering specific neutron diffraction instruments have a much lower angular 

resolution (Ungár et al. 2010) and thus peak profile studies are less common (Lukáš et al. 2009; 

Woo et al. 2009), but are increasing. 

3. POLYCRYSTAL DEFORMATION MODELING  

For the last decade and a half polycrystal deformation modeling has been used to interpret 

diffraction data (Pang et al. 1998; Clausen et al. 1999; Agnew et al. 2003), and to provide 

further insight into the material behavior, accomplished by refining the material properties in the 

model while fitting the model calculations to the measured diffraction data. There are many 

types of polycrystal deformation models, but the most common are elastic-plastic self-consistent 

(EPSC), visco-plastic self-consistent (VPSC) and crystal plasticity finite element modeling 

(CPFEM). In all the models, the material behavior is described on the grain level by the single 

crystal elastic and plastic properties, which depend on the crystal structure of the material. Due 

to the inherent anisotropy of most crystalline materials on the grain level, it is paramount that 

the models allow for full elastic and plastic anisotropy. The two main differences between the 

models are the constitutive model used and the assumption of the interaction between grains. 

For the CPFEM, the grain interactions are taken care of directly within the finite element 

framework (Dawson 2000) and typically an elasto-viscoplastic constitutive formulation is 

utilized to describe the plastic behavior (Marin and Dawson 1998). Results from such CPFEM 

models have been correlated with diffraction measurements for single phase materials, e.g. 

(Dawson et al. 2001; Loge et al. 2002), and composites, e.g. (Han and Dawson 2005). The 

CPFEM based models are capable of providing local information about neighboring grains and 

within grains, and thus they have also been used in combination with synchrotron X-ray 

measurements of direct grain-to-grain interactions, see e.g. (Lienert 2004; Miller at al. 2008). 

However, the CPFEM calculations are rather computationally expensive, requiring the use of 

parallel computing and multiple CPU clusters.  

Within the self-consistent models the interaction between the grains is described via mean field 

approximations, specifically the case of an ellipsoidal inclusion within a homogeneous matrix 

(Eshelby 1957). The rate independent self-consistent formulation is the EPSC model, first 

implemented by Hutchinson (Hutchinson 1970) for isotropic materials, and expanded to full 

anisotropy by Turner and Tomé (Turner and Tomé 1994). This model utilizes a small strain 

formulation and excludes lattice rotations, so it is applicable to the elastic-plastic transition 

region and early plasticity only. However, as a part of the model, the full stress and strain 

tensors are determined for each grain, and by extracting elastic strain averages over grains based 

upon their orientation, it is possible to directly compare calculated elastic strains with the 

measured lattice strains from diffraction data. The rate dependent self-consistent model is the 

VPSC model, see e.g. (Lebensohn and Tomé 1993). It is a true plastic model that does not 

include elasticity, and thus it is not capable of predicting internal strains for comparison with 

diffraction measurements. However, it does calculate texture evolution, and has proven to be an 
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excellent tool to investigate materials behavior and texture development, see e.g. (Blumenthal et 

al. 2004; Proust et al. 2007; Beyerlein et al. 2007). Recently, elasto-viscoplastic self-consistent 

(EVPSC) models has been developed, e.g. (Mareau and Daymond 2010; Wang et al. 2010), and 

since this type of model does include elasticity, it is capable of predicting lattice strains as the 

EPSC model. The results of the EVPCS model are very comparable to the large strain EPSC 

model, with slight variations for some reflections. 

In the following we will concentrate on the coupling of engineering neutron diffraction 

measurement and EPSC model calculations and how they have been developed and expanded so 

that it now is able to compare measured and calculated lattice strain, texture and microstructure 

data provided. 

4. NEUTRON DIFFRACTION AND EPSC MODELING 

In-situ neutron diffraction measurements, such as performing a tensile test and neutron 

diffraction measurements simultaneously, provides the ability to measure the lattice strains as a 

function of the applied stress. By aligning the loading direction with the scattering vector, the 

evolution of each individual diffraction peak is representative of the response of that specific 

subset of grains with a unique plane normal aligned with the loading direction. In the EPSC 

model, the polycrystal is regarded as an agglomerate of grains of different orientations, and it is 

possible to extract elastic strains from the subset of grains that present a given lattice plane 

normal along the loading direction. Hence, a direct comparison between the measured lattice 

strains and the calculated elastic strains for the grain subsets can be made. This is what has been 

exploited in the coupled application of neutron diffraction measurements and EPSC modeling. 

Initially, only the lattice strains were utilized, but the development of both the experimental 

technique, including data analysis and mining, and the model have been intimately linked. In the 

following we will describe how the capabilities of the EPSC model has evolved over the last 

few years, mainly driven by the experimental neutron diffraction work and the desire to make 

the model more physical and less empirical. Along the way, the neutron diffraction data has 

served as a guide for development and as a validation tool for the model, and once validated, the 

EPSC model has been able to to provide insights into the underlying micromechanical response 

of the materials investigated. This is achieved by fitting the model response to the available 

measured data by refining the material parameters on the grain level, such as the critical 

resolved shear stresses (CRSS) and hardening behavior. In this sense, the model is used to solve 

an inverse problem, and hence, it is paramount to use as much measured data as possible to 

constrain the model fit within the parameter space to ensure the uniqueness of the solution. 

Classical EPSC. The ‘classical’ EPSC model as proposed by Hill (Hill 1965) and later 

implemented by Hutchinson (Hutchinson 1970) and expanded by Turner and Tomé (Turner and 

Tomé 1994) to account for general elastic and plastic anisotropy, is inherently a small strain 

model, which means that it does not include kinematics of large strains or rigid rotations. In 

some implementations (Clausen et al. 1998, 1999; Jia et al. 2008), lattice spins due to slip were 

accounted for independently, without making them part of the constitutive equations, still 

leaving it a small strain formulation. This limits the applicable range of deformation for which 

the model can be used. As long as the deformations and lattice rotations are small the model is a 

good approximation, which means the elastic region, the elastic-plastic transition region and the 

early plasticity region. For most single phase metals this corresponds to the first 5-10 % 

deformation, with cubic materials such as aluminum, copper and steel having the largest range 

(Clausen et al., 1998, 1999; Daymond et al., 2000; Pang et al., 2000; Lorentzen et al., 2002; 

Larsson et al., 2004), and lower symmetry materials, such as magnesium, zirconium and 

beryllium, applicable over a smaller range (Brown et al., 2003; Gharghouri et al., 1999; Agnew 
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et al., 2003; Clausen et al., 2008; Pang et al., 1999). The cubic materials typically have ample 

slip systems available and a minimum of twinning activity, which limits the lattice rotation, 

whereas the lower symmetry materials typically have a limited number of active slip systems 

and significant amount of twinning activity, which tend to lead to significant texture 

development even after less than 10% deformation. 

The model has been described in detail elsewhere (Hutchinson 1970; Turner and Tomé 1994; 

Clausen et al. 1998), and we will present only a summary of an example study of uniaxial 

tension in stainless steel coupling neutron diffraction and EPSC modeling, see (Clausen et al. 

1999). Fig. 1a) shows the measured and calculated macroscopic stress-strain curve for stainless 

steel loaded in uniaxial tension. The neutron diffraction measurements were performed using the 

NPD instrument at LANSCE utilizing the TOF technique. The model calculation has been fit to 

the measured macroscopic stress-strain curve using the four Voce hardening parameters, s

0 , s

1 , 
s

0  and s

1  (Larsson et al. 2004), for the {111}(110) slip deformation mode. Fig 1b-c) show the 

measured and calculated elastic strains parallel to the straining direction for the first 8 unique 

FCC reflections.  

   

Fig. 1. Measured and calculated macroscopic stress strain curve and lattice strains parallel 

to the loading axis for stainless steel loaded in uniaxial tension. Symbols are measured 

data and lines are model data. From (Clausen et al. 1999). 

In the elastic region, the elastic strains respond linearly with stress, although the slope or 

modulus is strongly dependent on the crystal orientation with respect to the loading direction. 

The EPSC model is able to reproduce the strong anisotropy observed in the elastic region with 

the 111 reflection being the stiffest and the 200 reflection being the softest. This can only be 

achieved by including the full anisotropy of the grains and the homogeneous equivalent medium 

(HEM) representing the polycrystal. Once yielding commences, at about 200 MPa, the lattice 

response becomes non-linear with applied stress, and some of the reflections, such as 220 and 

420, exhibit a steeper slope, whereas other, such as the 111 and the 200, exhibit a shallower 

slope. This shows that the former are plastically deforming, as their elastic strain no longer 

increases as much as before for a given stress increment. And vice versa, the latter reflections 

have to carry the load shed by of the plastically deforming reflections, and thus their elastic 

strain increases more for a given stress increment. Once all grains are plastically deforming, at 

about 250 MPa another inflection is observed for the 200 reflection, which is the last reflection 

to go plastic. This is the typical load transfer seen for most polycrystals primarily deforming by 

slip (Wong and Dawson 2010). As seen in Fig. 1, the EPSC model is capable of reproducing the 

complex nonlinearity of the reflections through the elastic-plastic transition region and into the 

early stage of plasticity.  

Texture development. As a material undergoes significant plastic deformation it will develop 
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texture, or preferred crystallographic orientation, caused by grain rotation due to dislocation 

generation (Bunge 1969). One limitation of the small strain EPSC model is that it does not 

include such lattice rotation. Recently, this has been addressed to include the lattice reorientation 

and stress relaxation due to twinning (Clausen et al. 2008), and finally a full large strain 

formulation was presented by Neil et al. (Neil et al. 2010), including the kinematics of large 

strains and rigid rotations, and the evolution of texture and grain shape. In the following we will 

present two examples illustrating how the model improvements enable the use of more of the 

available neutron diffraction data, namely texture information, to constrain the model fits to the 

measured data.  

The first example addresses the issue of twinning within low symmetry materials, such as 

magnesium. Full details are given in (Clausen et al. 2008), and here we will only present a short 

introduction. Magnesium exhibits a high propensity for twinning, employing the   01112110  

tensile twin system (Yoo 1981). The tensile twining is activated when the c-axis of the HCP 

crystal structure is subjected to tension, and it results in a near 90 degree rotation of the c-axis 

between the parent and the twin (Brown et al. 2005).  

 

Fig. 2. Measured and predicted basal pole figures for the extruded magnesium alloy 

loaded in compression. From (Clausen et al. 2008). 

The starting material was extruded AZ31B magnesium alloy, which exhibits the so-called ‘rod 

texture’, where the basal poles of most grains are oriented at an angle of nearly 90 degrees to the 

extrusion direction, see the initial basal pole figure in Fig. 2. Hence, when loaded in 

compression along the prior extrusion direction, most of the grains will be subjected to tension 

along the c-axis, via the Poisson’s strains, favoring twinning as an active deformation mode. As 

twinning takes place, the intensity increases at the center of the basal pole figure, and it is 

important to note that as there initially are no grains with their basal lattice plane normal along 

the loading direction all the grains contributing to the basal peak are twins. The in-situ neutron 

diffraction measurements were performed using the SMARTS instrument at LANSCE (Bourke 

et al. 2002). The measured macroscopic stress strain curve and the longitudinal lattice strains are 

shown in Fig 3. The plateau and sigmoidal shape of the stress-strain curve is indicative of 

twining, and as seen Fig. 3b), it is accompanied by a significant redistribution of the internal 
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strains. It is not possible to reproduce either of these effects using the classical EPSC model 

described above, which was the driver for developing the twinning scheme presented in 

(Clausen et al. 2008).  

   

a) b) 

Fig. 3. (a) Measured and predicted macroscopic stress strain curves, and (b) twin volume 

fraction, for compression of extruded magnesium alloy AZ31B.. From (Clausen et al. 

2008). 

Within the new twinning formalism, a new grain is generated for each active twin system in the 

parent grains. The twin grows in size according the amount of accumulated shear on the twin 

system in the parent grain, but there is no direct interaction between the twin and its parent; the 

twin is just another grain in the polycrystal. The transfer of volume fraction from the parent 

grain to the twin(s) generates a change in texture, but the constitutive model is still a small strain 

formulation. Accounting for the twin formation and growth, via the generation of new grains, 

allowed the evolution of macroscopic stress, texture and twin volume fraction with strain to be 

predicted correctly, which could not be accomplished with previous models, see Fig. 2 and 3a). 

The texture predicted by the model is somewhat sharper than the measured texture, which has 

been reported as a general situation for texture predictions using the VPSC model as well (Neil 

et al. 2010) However, accounting for the texture evolution associated with twinning alone is not 

sufficient for a satisfactory prediction of the internal stress evolution. Specifically, the load 

reversal observed in the incipient twins (shown in figure 3b) could not be captured. For this 

reason, it was hypothesized that twin creation is associated with an instability of the system 

caused by a rapid decrease in stored elastic energy. This process is accompanied by an excess 

twin shear upon twin nucleation and a sharp local stress reversal in the parent and twin. Hence, 

stress relaxation was introduced in a rather ad hoc manner, in which it is assumed that the twins 

has a fixed minimum size as they form, called the Fixed Initial Fraction, or FIF in (Clausen et al. 

2008). Fig. 4a) shows a schematic of the localized shear within a grain due to formation of a 

twin and Fig. 4b) shows the reaction forces generated by the surroundings on the parent and 

twin as the grain shape is changed. Within the FIF formulation, it is assumed that the 

surroundings force the small twinned portion of the grain back into its original shape (i.e. the 

grain must fit into the surrounding matrix), and thus generate an elastic back-stress within the 

twin equal in magnitude, but opposite in sign, to the plastic shear necessary to generate the 

required minimum twin fraction. For the parent grain, this is implemented by a correction to the 

stress in the parent in the step where the twin forms generating a stress relaxation determined 
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from the back-stress in the twin, weighted by the initial twin volume fraction.  

 

 a) b) 

Fig. 4. (a) Schematic of a typical grain in extruded Mg showing the crystallographic 

elements, the compression direction (shaded arrows) , and the resolved shear on the twin 

plane. (b) Schematic of the tensile twin domain and the medium-induced reaction stresses 

(arrows) associated with activating a ‘FIF’. A ‘tensile’ reaction component perpendicular 

to the page (not drawn) is also present. From (Clausen et al. 2008). 

For the example of compressive loading of extruded magnesium alloy AZ31B presented here, a 

FIF of 3% was found to reproduce the stress reversal observed in the newly formed twins. This 

is consistent with the optimum twin nuclei size found by Zhang et al. (Zhang et al. 2008) using a 

FEM approach. As seen in Fig. 3b), the model is able to reproduce the measured longitudinal 

lattice strains, including the sign reversal for the newly formed twins.  

As mentioned above, the updated twinning scheme did not change the fact that the EPSC model 

is a small strain formulation. However, very recently, Neil et al. implemented an EPSC 

formulation including the kinematics of large strains, rigid body rotations, texture evolution due 

to dislocation generation and grain shape evolution. Again, we are not going into the details of 

the model implementation as it is presented elsewhere (Neil et al. 2010), however, it is 

noteworthy that accounting for the material state at arbitrary strains requires the use of the 

Jaumann derivative of the Cauchy stress rate as the crystal lattice in the grains will spin with 

respect to the laboratory and aggregate frames. The example presented here uses the same 

stainless steel presented earlier in this paper, but this time loaded to 30% true tensile strain as 

shown in Fig. 5a). The comparison of the measured and calculated lattice strains is shown in 

Fig. 5b), and it is seen that the large strain model is in good agreement with the measured data, 

for more details see (Neil at al. 2010). A direct consequence of the texture development is seen 

for the 220 reflection which disappears at a stress of about 700 MPa. It is because all the grains 

have rotated away from this orientation, and thus there are no grains over which to determine the 

strain average. The loading direction is about 60 degrees away from the prior rolling direction. 

This off-symmetry loading axis serves as a good test of the model with respect to the anisotropy 

of the HEM representing the polycrystal. The measured and calculated textures after 30% true 

tension are shown in Fig. 6. The model accurately reproduces the measured texture evolution, 

including the remaining asymmetry caused by the off-symmetry loading direction. Similar to the 
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twinning model, the texture prediction is slightly stronger than observed, which also is the case 

for texture predictions using the VPSC model (Neil at al. 2010). 

  

 a) b) 

Fig. 5. Measured and predicted macroscopic stress-strain curves (a), and longitudinal 

lattice strains (b). Symbols are neutron diffraction measurements, lines are model 

predictions (solid and dashed lines are for the large and small strain models, respectively). 

From (Neil et al. 2010). 

 

 

 

 

Fig. 6. Measured and calculated pole figures for the stainless steel; measured initial texture 

(top), measured final texture (middle), and calculated final texture (bottom). Note the 

remaining asymmetry at 30% true strain caused by the initial rolling texture. From (Neil et 

al. 2008). 
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Dislocation based hardening law. The developments to the EPSC model described above have 

enabled the use of texture data from the diffraction measurements to be included when 

constraining the model calculations. The last bit of information from the diffraction data that up 

until now has not been utilized to guide the development of the model is the peak width 

evolution which can provide information about the microstructure, e.g. the dislocation densities 

and grain sizes. A major corner-stone of the EPSC model, and the underlying Eshelby inclusion 

theory (Eshelby 1957), is that the stress and strain within a grain is uniform. Hence, the 

intragranular effects, the Type III stresses, that causes the peak width changes in the diffraction 

data cannot be directly included into the EPSC framework. Recently, Beyerlein and Tomé 

presented a hardening law based upon the development of the stored dislocation density for a 

VPSC model (Beyerlein and Tomé 2008).  

In the following, we will present a summary of a preliminary adaptation of this stored 

dislocation density based hardening scheme for the EPSC model. In their original formulation 

for the VPSC model, the stored dislocation densities were referred to the active deformation 

modes, but in the following we have expanded that to describing the stored dislocation density 

development on individual systems within the modes. The evolution law for the stored 

dislocation density is based upon one of the most widely used thermal activation models by 

Essmann and Mughrabi (Essmann and Mughrabi 1979) which was further developed by 

Mecking and Kocks (Mecking and Kocks 1981; Kocks and Mecking 2003); 
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, (3) 

featuring competing storage and removal terms for the dislocation density,  , with respect to 

the shear,  , on each system  . In the model used in the current analysis, Beyerlein and Tomé 

(Beyerlein and Tomé 2008) account for two dislocation populations; the total stored 

dislocations,  , and the dislocations locked in sub-structure within the grains, sub . The later 

is represented by a grain average in the model, and it is found from the removal term presented 

in Eq. 3 by splitting the removed dislocation into a part that is being annihilated and a part that 

is locked into the sub-structure; 
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where the latter term is found as;  
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.  (5) 

A  is a temperature dependent term that describes the fractional rate of dislocations that 

generate sub-structure (it incorporates the f  term in Eq. 4), and q  is the rate coefficient which 

reflects how debris can grow from point defects seeded by the local thermal-activated reactions. 

The ratio of the pre-factors for the storage and removal terms in the dislocation evolution law 

(Eq. 3), 

1k  and 

2k , is expressed as follows; 
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where   is a dislocation interaction coefficient, b  is the Burgers vector, g  is a normalized 

stress-independent activation energy, D  is a drag term with unit of stress, and 0  is a reference 

strain rate, see (Beyerlein and Tomé 2008) for details. Work hardening is linked to the evolution 

of stored dislocations, their mutual interactions, and their interactions with barriers in the 

microstructure. In the model, the CRSS for each slip system,  c , includes contributions from 

forest dislocations and sub-structure in addition to the initial value,  0 ;  

 
  subforc  0 ,  (7) 

where 

   bfor   and  subsubsubsub bbk   ln . (8) 

subk  is a material-independent constant determined to be 0.086 (Madec et al., 2002), and   is 

the directional shear modulus on the slip plane in the direction of the Burgers vector. The 

hardening of the twin systems is dealt with separately as there is no provision for self-hardening 

for the twin systems; 

 


  bbCtwin 0 ,   (9) 

where C  is an interaction matrix, describing the hardening of the twin systems by the slip 

systems. The choice of not providing self hardening on twin systems is consistent with the 

results for the twinning scheme presented earlier, where it was assumed that the twin systems 

did not harden at all. The same example used for the large strain implementation above, uniaxial 

loading of stainless steel to 30% true strain in tension, is presented here again, but this time 

using the preliminary dislocation based hardening model.  

Table 1. Parameters for the dislocation based hardening law. 

Parameter Value 
A  70 



1k  2.75×10
8
 

g  3.8×10
-3

 

D  300 MPa 

 0  87 MPa 

  0.35 
ini,  5.0×10

9
 

ini

sub  1.0×10
11

 

b  2.546×10
-10

 

0  10
7
 

  10
-5

 

q  4 

 

The parameters in the dislocation based hardening law have been used to fit the model 
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calculations to the measured data, which in this case means; A  in Eq. 5, 

1k , g  and D  in Eq. 

6 and  0  from Eq. 7. The dislocation interaction coefficient,   from Eq. 6, was set to 0.35, 

which is appropriate for FCC metals (Madec et al. 2002). The other parameters, given in Table 

1, are left at default values, see (Beyerlein and Tomé 2008). 

The measured and calculated macroscopic stress-strain curves and the longitudinal lattice strains 

are shown in Fig. 7. The agreement between dislocation based model and measurement for the 

macro strain and the lattice strains is nearly as good as for the large strain EPSC model with 

Voce hardening law presented in Fig. 5, but the predicted macro curve is slightly more linear at 

higher strains where the measured curve has a decreasing slope, and the 311 reflection deviates 

more severely from the measured behavior. This gives a first indication that the preliminary 

stored dislocation density based hardening law does not capture all the underlying physics. The 

predicted texture after 30% true uniaxial strain is very similar to the one predicted by the Voce 

hardening model, see Fig. 6.  

   

 a) b) 

Fig. 7. Measured and calculated macroscopic stress-strain curve (a) and (b) longitudinal 

lattice strains for stainless steel loaded in uniaxial tension to 30% true strain. Symbols are 

neutron diffraction measurements, lines are model predictions. 

The total dislocation density and area-weighted mean subgrain size was determined from the 

diffraction data taken during the uniaxial loading of stainless steel to 30% true strain discussed 

above. This preliminary analysis was done using the convolutional multiple whole profile 

(CMWP) method (Ungár et al. 2001; Ribárik et al. 2004, Balogh et al. 2008), in which the 

measured intensity profiles are fitted by theoretical functions calculated on the basis of a model 

of the microstructure. It is important to note that the dislocation density determined by 

diffraction methods is the total dislocation density, whereas the hardening model presented 

above is based upon the stored dislocation density, which is a subset of the total dislocation 

density (Kocks et al. 1975). 

The analysis requires a precise measurement of the instrumental profile for the given sample 

dimensions which was not available. Hence, the diffraction pattern measured at zero stress was 

used as the instrumental pattern, meaning that any prior dislocation density in the sample would 

skew the results. However, the samples were cut from an annealed plate, and the initial 

dislocation density should be minimal. The dislocation densities determined from the diffraction 
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patterns, Fig. 8a), increase approximately linearly with strain, to a maximum value of about 

42×10
14

 m
-2

. This value is relatively high compared to a published value of 8×10
14

 m
-2

 for 

copper deformed in compression to 70% true strain (Balogh et al. 2006). The subgrain size, Fig. 

8b), could not be refined below 10% strain, but at higher strains it shows a decreasing trend to a 

final value of about 130 nm at 30% strain. The stored dislocation densities, total, forest and 

substructure, predicted by the EPSC model with the dislocation density based hardening law are 

presented in Fig. 8c). It is clear that the predicted stored dislocation density is only a fraction of 

the measured total dislocation density. The missing part of the equation is the mobile dislocation 

density. According to Kocks et al. (Kocks et al. 1975), the mobile dislocation density can be 

estimated by 

 

2

2

3

2










b
mobile




 .   (10) 

Using values for the maximum load in the current example, the estimated mobile dislocation 

density is approximately 140×10
14

 m
-2

, or about a factor of 3 higher than the measured total 

dislocation density. 

    

 a) b) c) 

Fig. 8. Measured total dislocation density (a) and subgrain size (b) during uniaxial tension 

of stainless steel to a final true strain of 30%. Calculated stored dislocation density using 

the dislocation density based hardening law (c). 

From the above example it is obvious that the preliminary hardening law based upon the stored 

dislocation density, as presented here, is not practical for direct comparisons with total 

dislocation densities measured by diffraction. However, the example nicely illustrates the 

iterative process by which the EPSC model is being developed as driven by advances in 

experimental techniques and the associated data analysis.  

5. SUMMARY AND OUTLOOK 

The combined use of neutron diffraction and polycrystal deformation modelling has proven to 

be an excellent approach to understanding the micromechanics of engineering materials. The 

non-destructive neutron diffraction measurements allow for true bulk measurements of internal 

strains in most structural metals, and the models can be used to determine material parameters, 

such as initial critical resolved shear stress and hardening parameters for the active deformation 

modes. Once validated, the models become predictive and can be used for materials design. The 
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neutron diffraction measurements provide information about strain, texture and the 

microstructure, but up until recently, the EPSC model was only capable of predicting the lattice 

strains. With development of a physically based twinning scheme (Clausen et al. 2008) and the 

expansion into the large strain regime (Neil et al. 2010), the model is now able to predict the 

texture development as well. The large strain EPSC formulation provides a new use of the 

model by virtue of the fact that it is formulated in the full deformation gradient, and thus it can 

be applied as a materials model within finite element codes. A combination of EPSC and FEM 

will enable investigation of problems with heterogeneous Type I stresses, with the ability to 

predict the spatial variation of internal stress, texture and microstructure. Previously, the VPSC 

model has been used as a materials model within various FEM codes, e.g. (Engler at al. 2000; 

Tomé et al. 2001), although only providing the plastic deformation and hence the texture 

development. 

Work is ongoing to develop a dislocation based hardening law into the EPSC model, and 

preliminary results for uniaxial loading of stainless steel were presented. The basis for the 

preliminary model is the stored dislocation density, and from the presented example it is clear 

that further development is needed before the measured and calculated dislocation densities can 

be directly compared. With a successful implementation of a dislocation based hardening law 

into the EPSC model it will finally be possible to use all the experimental information available 

and to formulate the model in physically sound microstructure-based framework.  
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