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ABSTRACT 
 
Layered specimens can, and often do, have discontinuities in residual stress across the material interfaces. 
Stress discontinuities internal to specimens are notoriously difficult to measure, yet they can have profound 
impact on debonding and other failures. The incremental slitting method, also known as crack compliance, is 
generally excellent at resolving stress profiles even when there are high gradients. However, the data reduction 
for slitting usually involves some smoothing, which makes it hard to resolve discontinuities. In this work, we start 
with a recent technique to analyze slitting data using Tikhonov regularization, and extend that technique to allow 
stress discontinuities at material interfaces. The new method is then demonstrated experimentally on several 
specimens, including metals and ceramics. 
 
Keywords: residual stress, slitting, regularization, layers, inverse solution 
 
INTRODUCTION 
 
Residual stresses play a significant role in many material failure processes like fatigue, fracture, and stress 
corrosion cracking [1,2]. Residual stresses are the stresses present in a part free from external load, and they are 
generated by virtually any manufacturing process. The subject of this study is the measurement of residual 
stresses in layered specimens using the incremental slitting method [3,4].  
 
Incremental slitting generally provides excellent spatial resolution of residual stress profiles [5-8], but accurate 
resolution of the discontinuous stress profile across layers is more challenging. Analyzing slitting data requires the 
solution of an elastic inverse problem to calculate the original residual stresses based on strains measured during 
the incremental deepening of a slit. Because the inverse solution tends to amplify noise in the strain data into 
larger noise in the stress profile, some type of smoothing is usually used. However, such smoothing makes it 
difficult to resolve discontinuities. In fact, the most common method for solving the inverse problem is to expand 
the stresses in terms of a continuous polynomial series [3,9], which does not allow for discontinuities at all. More 
sophisticated implementations of the series expansion method use piece-wise polynomials [10] which can resolve 
discontinuous stress profiles [11-13]. However, using piecewise polynomials is computationally intensive and 
numerically awkward. 
 
In this work, we start with an inverse methodology that uses pulse functions and Tikhonov regularization [14] and 
has proven to be superior to the series expansion method for resolving stress profiles with high gradients [5,15]. A 
simple modification of the pulse-regularization approach allows one to resolve discontinuities while still retaining 
the regularization benefits of smoothing other portions of the stress profile. The method is demonstrated on 
several examples. 
 
THEORY 

Standard pulse-regularization 
We first review the derivation of the traditional pulse-regularization method, for which the reader is referred to [14] 
for greater details, before moving onto the formulation that allows for discontinuities. Before adding regularization, 
the pulse method is equivalent to the “integral method,” long used for hole drilling [16]. Prior to inverting the 
equation to solve for stress, the pulse method is given in equation form by  
 



G σ   =  d   (1) 
Where d is a column vector of the strains measured at each slit depth and σ is a column vector of the stresses 
originally present over each increment of slit depth. G is a lower triangular matrix of the coefficients relating those 
stresses to the measured strains, as illustrated in Figure 1. The coefficients are usually determined using an 
elastic finite element analysis. 
 
 

 
Figure 1. The coefficients Gij correspond to the contribution of the stress over depth increment j to 

the strains measured at slit depth i. From [14]. 
 
For an equal number of stresses and strains, inverting Eq. 1 returns a stress vector that exactly reproduces the 
measured strains but generally results in a noisy solution and the undesired behavior that taking more data 
(meaning more depth increments) results in a noisier solution. For solutions using pulse functions without 
regularization, the noise amplification is usually kept small by using only a few unevenly spaced material removal 
increments. This approach is effective, but it diminishes the data content of the calculation, and decreases the 
spatial resolution of the stress solution.   
 
Tikhonov regularization applies a penalty function to some measure of noise in the calculated stress profile. This 
procedure effectively smooths the stress solution. It diminishes the adverse effect of the noise without significantly 
distorting the part of the stress solution corresponding to the “true data”. When implementing Tikhonov 
regularization, Equation (1) is pre-multiplied by GT and augmented by an extra term.  The result is: 

(GTG   +   β CT ST H S C)  σ     =      GTd (2) 

where the regularization comes from the matrix C which numerically approximates the second derivative of the 
stress profile.  For evenly spaced data, C contains rows (-1,2,-1) centered along its main diagonal. For uniformly 
spaced data1, the matrix product H S C has the following structure (for simplicity, illustrated for 4 cut increments)  
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1 See [14] for general formulas for unevenly spaced intervals 



where the first and last rows of C are set to zero to eliminate the degenerate regularization that an “incomplete” 
(-1 2  -1) pattern would produce at the end points.  W is the part thickness in the cutting direction, hi is the slit 
depth at increment i and matrix S in Equations (2) and (3) contains along its main diagonal the standard errors si 
in the deformation data di.   
 
In Equation (2), β is a weighting factor called the regularization parameter.  β = 0 indicates no regularization, and 
β > 0 indicates an increasing amount of regularization.  The Morozov Discrepancy Principle [17] can be used to 
determine the value of β that gives the optimal regularization that substantially reduces noise without significantly 
distorting the true solution. Equation 2 can be solved for stress using basic matrix algebra operations. 
 

Pulse-regularization for layers and discontinuous stresses 
 
Adapting the regularization approach to allow for discontinuities at known locations is as simple as removing 
select rows in the C matrix. For any given discontinuity that is directly at the interface between two depth 
increments, there are two rows in C that act to smooth across the interface that should be removed. An example 
of such a modified matrix for an example with 8 cut increments and the material interface between the 4th and 
5thslit depth is given by 
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where A
iσ , refers to the stress over depth increment i where that increment is in material A as compared to 

material B. For visual illustration, lines are shown in Eq. 4 to indicate the material interface where a stress 
discontinuity is allowed. Note that none of the (-1 2 –1) patterns in C cross the interface. 
 
Further pairs of rows can be removed for additional interfaces. If the location of an interface is not known with 
sufficient precision, more than two rows may need to be removed to ensure the discontinuity is resolved. 
 

Calibration coefficients 
The calibration coefficients (G in Eqs. 1 and 2) are calculated using a finite element model, which is standard 
practice for the slitting method [18,19]. The calculation must model all n slit depths, and the ith slit depth must 
calculate a coefficient for i pulse loads, making for n*(n-1)/2 calculations. In this work, the Abaqus software [20] 
was used along with the Python scripting interface, which allows for automation of the multiple calculations. 
 
EXPERIMENTAL 
 

Aluminum clad depleted-uranium fuel plates 
The purpose of the Department of Energy- National Nuclear Security Administration’s Global Threat Reduction 
Initiative’s (GTRI) Reactor Conversion program, formerly known as the Reduced Enrichment for Research and 
Test Reactors (RERTR) program, is to work with research reactor operators worldwide in an effort to convert 
reactors from the use of highly enriched uranium (HEU) fuel to the use of low enriched uranium (LEU).  In support 



of this effort, the Reactor Conversion program is working to develop new fuels to allow for the conversion of high 
performance research reactors worldwide. A significant goal for GTRI’s Reactor Conversion program is converting 
high performance research reactors from highly enriched uranium (HEU) dispersion fuel plates to low enriched 
uranium (LEU) monolithic fuel plates. This requires development, qualification, and production of high-density, 
monolithic LEU-10Mo (wt. pct.) foils [21]. The monolithic fuel foils are to be co-rolled with Zr and clad with 6061Al 
using hot isostatic pressing (HIP) [22].  
 
For testing purposes, samples were prepared using Depleted Uranium (DU) instead of LEU. Through-thickness 
profiles of the longitudinal residual stress were measured in two clad fuel plates with DU-10Mo elements, coated 
with a 20 µm zirconium layer, sandwiched between layers of Al 6061. Both samples were slit using wire Electric 
Discharge Machining (wire EDM) with a 100 µm diameter brass wire, and strain gages (two for redundancy) on 
the back face opposite the cut. One plate had 0.61 mm thick DU off-center in a 4.6 mm total plate thickness and 
was slit in increments of 50.8 µm. The other plate had 0.28 mm thick DU off-center in a 1.5 mm thick plate and 
was cut in increments of 25.4 µm. Figure 2 shows the test setup and the strain data. 
 

a)  

b)  c)  
Figure 2. a) One of the plates in the EDM machine after slitting was completed. The strain gauges are 

on the opposite face. b) strain data on the thin plate and c) on the thick plate. 
 



Multi-Layered Ceramic 
As part of an effort to manufacture functionally graded ceramics and mesoscale heat exchangers [23-25], 18 mm 
diameter multi-layered disk were fabricated using novel powder processing and sintering technology. A slitting 
measurement was performed on a disk with a 0.875 mm thick alumina layer, a 0.835 mm thick mixed alumina-
zirconia layer, and then a 0.943 mm thick layer of zirconia [26]. Here we present a re-analysis of the old data. 
Table 1 shows the elastic and thermal expansion properties of the materials. 
 
 
 

Material E ν α 
Alumina 350 GPa 0.23 8.1×10-6/C 
Zirconia 200 GPa 0.3 10.3×10-6/C 
50/50 265 GPa 0.267 9.07×10-6/C 

Table 1. Material properties used to calculate calibration coefficients in finite element model. 
 
 
Figure 3 shows the experimental setup. A grinding wheel was used to initially make a diametrical slit 25-µm deep. 
The diamond grinding wheel was 1.07-mm thick and 152.9-mm in diameter. The wheel was spinning at 3600 
RPM, and approximately 1 µm was removed in each pass of the wheel while bathing the cut in coolant. A strain 
gage had been mounted on the circular face of the specimen opposite the cut to measure the strain in the 
direction normal to the slit face. A strain reading was taken after the cut. The slit was then deepened in 
increments of 25-µm, with a strain reading taken after each increment.  
 

 
Figure 3. The test specimen during the slitting process. 

  
The specimen was cut from the Alumina side to about 89% of the specimen thickness. Figure 4 shows the data. 
Because the specimen is curved from the same cooling deformations that cause the residual stresses, the strains 
are plotted versus an average slit depth 
 



 
Figure 4. Data from second slitting test. 

 
 
 
RESULTS 

Aluminum clad depleted-uranium fuel plates 
The calibration coefficients (G in Eqs. 1 and 2) were calculated using a 2-D, plane strain finite element model that 
included all the materials. The data was analyzed separately using the strain data from each gage as a check of 
repeatability. Figure 5 shows the resulting stress profiles. Although the locations of the thin zirconium layers are 
indicated, they were too small for their stresses to be independently identified by the measurements. The stress 
profiles show modest stress levels with significant discontinuities across the material interfaces. The stress 
magnitudes are generally limited by the yield strength of the 6061 Al which is reduced significantly because of the 
thermal history during the HIP process [27]. To aid interpreting the stresses, Figure 6 shows a model of the stress 
profile in the thinner plate based on thermal expansion mismatch and elasticity. Because the model was meant to 
be explanatory rather than predictive, the temperature change was adjusted down to 200 ºC (compared to HIP ∆T 
of ~530 ºC) in order to get similar stress magnitudes. The basic nature and slopes of the stress profiles in Figure 
5 are well predicted by the thermal mismatch and the requirements of force and moment balance. The more 
complicated stress profile in the DU layer may come from residual stresses existing prior to the bonding process 
or from localized plasticity at the material interface. 
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Figure 5. Through-thickness stress profiles in layered plates. 

 

 
Figure 6. Prediction of stress profile in thinner plate based on thermal expansion mismatch and 

elasticity. 
 
Figure 7 shows how well the inverse solution that gave the stresses in Figure 5 fits the data. The root-mean-
square error for the fits ranges from about 1.5 to 2.5 µε. Other inverse solutions, such as polynomial series, would 
not fit the data nearly so well. 



 
Figure 7. The strain fit given by the inverse solution matched the data much better than other inverse 

solutions. 
 

Multi-Layered Ceramic 
The calibration coefficients (G in Eqs. 1 and 2) were calculated using a 3-D, finite element model that included all 
the materials. Figure 8 shows the mesh. The mesh does not include the curvature of the actual specimen 
because of the difficulty of meshing the curved multi-layered part with the straight slits from the measurement. 
 
 

 
Figure 8. The finite element model used to calculate the calibration coefficients for the data 

reduction procedure. The model is shown in an intermediate step with the slit at partial depth. 
 



The finite element model used coarser slit increments than the experiment. For simplicity of analysis, the strain 
data was interpolated to the depth increments from the model and analyzed. Because of the part curvature, the 
experimental slit did not simultaneously cross a material interface along the whole length of the slit. Rather, the 
crossing took several slit depth increments. This issue made the resolution of the stress discontinuities across the 
interfaces more difficult, and extra rows in the C matrix (eq. 4) were zeroed to allow the “discontinuity” to occur 
over two depth increments. 
 
Figure 9 shows the through-thickness stress profile as determined by slitting measurements and the pulse-
regularization method allowing for discontinuities. The stresses are significant and vary approximately linearly 
within each layer, with very large discontinuities across layers. A couple of stresses near the second interface 
appear as intermediate values, in the region were discontinuities were allowed. These points probably reflect the 
inability to resolve the discontinuity because of the non-uniform slit depth with respect to the interface boundary. 
For reference, Figure 9 also plots the results of a simple prediction of elastic, thermal-mismatch stresses using 
the properties from Table 1. The results agree quite well with the trends in the results, with the results for a 
temperature change of 900 °C agreeing somewhat better than the results for the actual temperature change of 
about 1200 °C.  
 

 
Figure 9. Through-thickness stresses measured in multi-layered ceramic, compared to elastic 

analysis of thermal mismatch stresses. 
 
 
Figure 10 shows how well the inverse solution that gave the stresses in Figure 9 fits the data. The root-mean-
square error for the fits ranges from about 4.8 µε, with most of the misfit being evident for the data at shallow cut 
depths. A fairly large β (eq. 2) was used to force the results to stress profiles with less curvature in the regions 
away from the interfaces. The data for shallow slit depths is the most affected by the issue with part curvature, 
which is why more regularization was needed in order to reconcile the data with a smoother stress profile. 



 
Figure 10. The strain fit given by the inverse solution matched the data quite well. 

 
CONCLUSION 
 
Residual stress profiles in layered samples were measured using the incremental slitting method. Using a 
modified pulse-regularization inverse solution approved to be superior to other approaches for solving the inverse 
problem because simultaneously: 

1. It was able to resolve gradients in the residual stress profiles 
2. It allowed for smoothing of the solution where appropriate while at the same time allowing for stress 

discontinuities across the layers 
3. The resulting stress profiles were able to reproduce (i.e. fit) the measured strain data to within 

experimental accuracy. 
 
With the power and flexibility of the modified pulse-regularization method, the ability to resolve discontinuous 
stress profiles for the tests in this paper was limited by experimental issues. In the aluminum clad depleted-
uranium fuel plates, the plates were very wide and the layers were not of uniform thickness. In the multi-layered 
ceramic, the specimen was curved, but the slits were straight. So in each case, it was difficult to precisely know 
the slit depth relative to the interface location. For the fuel plates, it would have been possible to cut out a test 
specimen of thinner width without changing the longitudinal stresses, and then get a better controlled slit depth 
relative to the interface location. For the ceramic, we plan to test a new specimen with a symmetric layer 
arrangement and, therefore, no curvature. 
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