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X - 2 LIU ET AL.: EXCITATION OF BANDED WHISTLERS

Linear kinetic dispersion analysis and a two-dimensional electromagnetic3

particle-in-cell simulation are performed to demonstrate a possible excita-4

tion mechanism of banded whistler waves in the magnetosphere outside of5

the plasmapause. Whistler waves in the lower and the upper bands can be6

generated simultaneously by the whistler anisotropy instability driven by two7

bi-Maxwellian electron components with T⊥/T‖ > 1 at different T‖, inde-8

pendently, where ‖ and ⊥ denote directions relative to the background ge-9

omagnetic field. Given ωe/Ωe, the ratio of the electron plasma frequency to10

the electron cyclotron frequency, T‖ of each electron component determines11

the properties of the excited waves. For the typical magnetospheric condi-12

tion of 1 < ωe/Ωe < 5 in regions associated with strong chorus emissions,13

the present study suggests that upper-band waves can be excited by anisotropic14

electrons below ∼ 1 keV, while lower-band waves are excited by anisotropic15

electrons above ∼ 10 keV. The resultant lower-band waves are generally16

field-aligned and substantially electromagnetic. However, the excited upper-17

band waves generally propagate obliquely to the background geomagnetic18

field with quasi-electrostatic fluctuating electric fields.19
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LIU ET AL.: EXCITATION OF BANDED WHISTLERS X - 3

1. Introduction

Whistler waves in the terrestrial magnetosphere outside of the plasmapause are ob-20

served in the frequency range of 0.1 − 0.8Ωe and typically show banded spectra with a21

gap near 0.5Ωe, where Ωe is the equatorial electron cyclotron frequency [Tsurutani and22

Smith, 1974]. The width of the gap is highly variable, sometimes reaching 0.2Ωe and23

sometimes vanishing entirely [Koons and Roeder , 1990]. They are usually composed of24

discrete narrowband wave elements with rising or falling tones (chorus) often accompanied25

by banded incoherent whistler waves [e.g. Santoĺık et al., 2003, Figure 4]. These waves are26

largely substorm-dependent and are enhanced during geomagnetically disturbed condi-27

tions [Meredith et al., 2001] in association with enhanced fluxes of suprathermal electrons28

[Anderson and Maeda, 1977]. They play an important role in the pitch-angle scatter-29

ing and the acceleration of radiation-belt electrons [Horne and Thorne, 1998; Shprits30

et al., 2006; Thorne, 2010], and can be responsible for the generation of plasmaspheric31

hiss [Bortnik et al., 2009]. These waves are believed to be excited near the geomagnetic32

equator [LeDocq et al., 1998]. General agreement on their wave normal angles has not33

been reached, but lower-band waves (< 0.5Ωe) tend to be field-aligned near the geomag-34

netic equator and upper-band waves (> 0.5Ωe) seem to be highly oblique at all latitudes35

[Haque et al., 2010]. On average, lower-band waves are stronger than upper-band waves36

[Meredith et al., 2001]. The present study focuses only on the excitation of the banded37

incoherent whistler waves, while the discrete chorus elements can arise from these inco-38

herent whistler waves through nonlinear wave growth involving the inhomogeneity of the39

background geomagnetic field [Omura and Summers , 2008].40
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X - 4 LIU ET AL.: EXCITATION OF BANDED WHISTLERS

It is generally accepted that lower-band waves are generated by the whistler anisotropy41

instability through a cyclotron resonance with anisotropic electrons between a few and tens42

of keV [Kennel and Petschek , 1966]. However, various mechanisms have been proposed43

to explain the excitation of upper-band waves. When the banded structure was originally44

discovered, Tsurutani and Smith [1974] ascribed the gap near 0.5Ωe to Landau damping45

as emissions which cut across the gap could clearly be observed. Maeda et al. [1976] found46

that there is no obvious coherence between upper-band and lower-band waves, and they47

postulated that whistler waves in the two bands are generated in two separate source re-48

gions and the banded structure is due to propagation effects. Curtis [1978] suggested that49

both bands are generated locally, lower-band being the whistler mode but upper-band be-50

ing the ordinary mode when ωe < Ωe, where ωe is the electron plasma frequency. However,51

this scenario does not explain many observations when ωe > Ωe. Hayakawa et al. [1984]52

showed that the observed upper-band waves are quasi-electrostatic and suggested that53

they are generated through an instability driven by anisotropic electrons of tens eV, fol-54

lowing the theory of Hashimoto and Kimura [1981]. Recently, Bell et al. [2009] explained55

the banded emissions as lower-band and upper-band waves trapped in ducts of enhanced56

and depleted cold plasma densities, respectively. Omura et al. [2009] proposed that the57

gap near 0.5Ωe comes from the nonlinear damping of the longitudinal component of a58

slightly oblique whistler wave packet propagating along the inhomogeneous geomagnetic59

field.60

A more recent case study of banded whistler waves observed by the Cluster spacecraft61

by Santoĺık et al. [2010] showed that two anisotropic electron components at different T‖62

D R A F T June 1, 2011, 5:19pm D R A F T

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight

kaijun
Highlight



LIU ET AL.: EXCITATION OF BANDED WHISTLERS X - 5

can drive the whistler anisotropy instability in the lower and the upper bands simultane-63

ously. However, they also found that the linear instability growth rate in the lower band64

is too small for waves to be observed, although this growth rate may have been underesti-65

mated due to the limited time resolution (4 s) and the limited energy range (32 eV to 26.766

keV) of the electron measurements. This event has also been studied by Schriver et al.67

[2010] with a two-dimensional particle-in-cell (PIC) simulation. They represented the ob-68

served anisotropic electrons with essentially a bi-Maxwellian distribution of T⊥/T‖ = 1069

and T‖ = 300 eV. This electron component was shown to drive obliquely propagating70

upper-band waves while the excitation of lower-band waves was explained by nonlinear71

wave-wave coupling. However, the lower-band waves simulated by Schriver et al. [2010]72

are at oblique propagation in contrast to the quasiparallel propagation estimated from73

the observations based on the plane wave approximation [Santoĺık et al., 2010]. Li et al.74

[2010] used THEMIS observations to carry out statistical analysis of the equatorial elec-75

tron distributions responsible for the excitation of whistler waves. Interestingly, there is76

often a gap of anisotropy for electrons of several keV in the observed electron distribu-77

tions: electrons above ∼ 10 keV and below ∼ 1 keV have T⊥/T‖ > 1, but electrons with78

intermediate energies are isotropic. Li et al. [2010] suggested that the anisotropic elec-79

trons below ∼ 1 keV and above ∼ 10 keV are responsible for the excitation of upper-band80

and lower-band waves, respectively, because of the different minimum energies required81

for electrons to be in cyclotron resonance with waves in the two different bands.82

For a plasma with a single bi-Maxwellian electron velocity distribution, linear kinetic dis-83

persion analysis [Gary and Cairns , 1999] and PIC simulations [Gary et al., 2000] revealed84
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X - 6 LIU ET AL.: EXCITATION OF BANDED WHISTLERS

the β‖e dependence of the whistler anisotropy instability driven by an electron anisotropy85

of T⊥/T‖ > 1, where β‖e = neT‖e/(B2
0/2µ0), ne is the electron density, and B0 is the back-86

ground magnetic field. For ωe/Ωe > 1, the maximum growth rate of this instability is at87

parallel propagation at relatively large β‖e and the resultant fluctuating fields are substan-88

tially electromagnetic. At smaller values of β‖e, however, the maximum growth rate shifts89

to oblique propagation, the excited fluctuating fields become quasi-electrostatic, and the90

frequency of the excited fluctuations shifts from below to above 0.5Ωe. The critical value91

of β‖e, at which the transition from the electromagnetic regime to the quasi-electrostatic92

regime occurs, is around 0.025 as long as ωe/Ωe > 1 [Gary et al., 2011], which corre-93

sponds to ∼ 1 keV for the typical magnetospheric condition of 1 < ωe/Ωe < 5 in regions94

associated with strong chorus emissions [Li et al., 2010]. The electromagnetic regime of95

this instability at β‖e > 0.025 corresponds to the excitation mechanism of lower-band96

waves [Kennel and Petschek , 1966], while the quasi-electrostatic regime at β‖e < 0.02597

relates to the excitation of upper-band waves [Hashimoto and Kimura, 1981]. Here we98

carry out linear kinetic analysis and a two-dimensional PIC simulation of the instability to99

demonstrate that banded whistler waves can be excited when two bi-Maxwellian electron100

components with T⊥/T‖ > 1 at different T‖ are present.101

2. Linear Kinetic Analysis

Linear kinetic dispersion theory for electromagnetic fluctuations in a homogeneous,102

magnetized, collisionless plasma is applied to the instability analysis. The Cartesian103

coordinate system of the analysis admits spatial variations in both the direction parallel104

to B0 (denoted by ‖) and one direction perpendicular to B0 (denoted by ⊥), but no spatial105
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LIU ET AL.: EXCITATION OF BANDED WHISTLERS X - 7

variations in the other perpendicular direction (denoted by ⊥⊥). The wavevector k is real106

and the complex frequency is ω = ωr + iγ where γ > 0 represents temporal growth of a107

fluctuating normal mode of the plasma.108

Consistent with the typical magnetospheric condition of 1 < ωe/Ωe < 5 in regions asso-109

ciated with strong chorus emissions, the present study uses ωe/Ωe = 4. The protons have a110

Maxwellian velocity distribution and βp = 0.0001 (which corresponds to a temperature of111

1.6 eV). Two bi-Maxwellian electron components are considered: the first component has112

β̃‖ = 0.01 with T⊥/T‖ = 5.0 while the second component has β̃‖ = 1.0 with T⊥/T‖ = 2.0,113

where β̃‖j = n0T‖j/(B2
0/2µ0) = (2T‖j/mec

2)(ωe/Ωe)
2 (n0 is the total plasma density and114

subscript j represents the various electron components). The two electron components115

have T‖ of 0.16 keV and 16 keV and hereafter are referred to as warm (subscript w) and116

hot (subscript h) electrons, respectively.117

First, we follow Gary et al. [2011] to analyze plasmas with a single bi-Maxwellian118

electron component. When the single electron component is the hot electrons specified119

above, the maximum growth of the instability has ωmax/Ωe = 0.36, γmax/Ωe = 0.10 at120

kλe = 0.65 and θ = 0◦, where λe =
√

me/n0µ0e2 is the electron inertial length, and121

θ is the wave normal angle with regard to B0. So the maximum growth is at parallel122

propagation and the excited fluctuations are in the lower band. Linear analysis also shows123

that the resultant fluctuating fields are substantially electromagnetic and the amplitude124

relations among electric and magnetic field components of the excited waves are |δE‖| ¿125

|δE⊥⊥| ≤ |δE⊥| and |δB‖| ¿ |δB⊥| ≤ |δB⊥⊥|. On the other hand, when the single electron126

component is the warm electrons described above, ωmax/Ωe = 0.69, γmax/Ωe = 0.031 at127
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X - 8 LIU ET AL.: EXCITATION OF BANDED WHISTLERS

kλe = 3.8 and θ = 48◦. The maximum growth shifts to oblique propagation and the128

excited fluctuations are in the upper band. Linear theory also shows that the resultant129

fluctuating fields are quasi-electrostatic, |δE⊥⊥| ¿ |δE‖| < |δE⊥|, and |δB‖| ∼ |δB⊥| <130

|δB⊥⊥|.131

When the plasma has both the warm and hot electron components with concentrations132

of nw/n0 = 90% and nh/n0 = 10%, respectively, the unstable modes driven by the133

two components do not interfere with each other much and they grow simultaneously at134

rates reduced almost linearly proportional to nw/n0 and nh/n0. Figure 1 displays the135

calculated instability growth rate as a function of kλe and θ for this case. There are136

two unstable zones as marked by the black contour lines, which represent the contour137

of γ/Ωe = 0.01. The weaker unstable zone near the lower-left corner is driven by the138

hot electron component: ωmax/Ωe = 0.29, γmax/Ωe = 0.016 at kλe = 0.63 and θ = 0◦.139

The other unstable zone is driven by the warm electron component: ωmax/Ωe = 0.69,140

γmax/Ωe = 0.030 at kλe = 3.8 and θ = 48◦.141

Our linear analysis suggests that, when more than one electron components are consid-142

ered, the major factor which determines the properties of the excited waves is β̃‖j. In other143

words, when ωe/Ωe is given, the properties of the excited waves are controlled mainly by144

T‖j of the electron component which drives the instability. For the typical magnetospheric145

condition of 1 < ωe/Ωe < 5 in regions associated with strong chorus emissions, this sug-146

gests that upper-band waves can be excited by anisotropic electrons below ∼ 1 keV, while147

lower-band waves are excited by anisotropic electrons above ∼ 10 keV.148

3. Simulation Results
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LIU ET AL.: EXCITATION OF BANDED WHISTLERS X - 9

A two-dimensional electromagnetic PIC simulation is performed to examine the simul-149

taneous excitation of lower-band and upper-band whistler waves suggested by Figure 1.150

The simulation domain lies in the x− y plane and B0 is in the x direction (x− ‖, y− ⊥,151

z− ⊥⊥). Periodic boundary conditions are used in both dimensions. Following the linear152

analysis results, we use Lx = Ly = 51.4λe, Nx = Ny = 256, and ∆tΩe = 0.018. In each153

cell, the present simulation has 9600 simulation particles to represent the warm (90%)154

and hot (10%) electrons, respectively. Since our concern here is whistler fluctuations155

at ωr À Ωp (the proton cyclotron frequency), protons in the simulation are treated as156

an immobile, charge neutralizing background to conserve computation time. The other157

parameters are the same as in the linear analysis of section 2.158

Figure 2 illustrates the time evolution of the simulation. The increase of the electric field159

energy around tΩe = 200 in Figure 2c corresponds to the development of the instability160

driven by the warm electrons, as confirmed by the simultaneous decrease of T⊥w/T‖w161

shown in Figure 2a. According to the linear analysis results, this should lead to enhanced162

quasi-electrostatic fluctuations in the upper band. The magnetic components associated163

with these fluctuations are indeed small as shown in Figure 2d. The electric field energy164

of these fluctuations starts to decrease slightly after it reaches a peak around tΩe = 300.165

This is because these fluctuations have significant δE‖ and therefore are subject to strong166

Landau damping, as discussed in Gary et al. [2011]. The increase of the electric field167

energy after tΩe = 600 is accompanied by the decrease of T⊥h/T‖h shown in Figure 2b.168

This corresponds to the development of the instability driven by the hot electrons, which169

grows slightly slower as shown in Figure 1. Linear theory predicts that the enhanced170
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X - 10 LIU ET AL.: EXCITATION OF BANDED WHISTLERS

fluctuations are in the lower band and predominantly electromagnetic. The simultaneous171

growth of the magnetic fluctuations in Figure 2d confirms the electromagnetic feature of172

these enhanced waves.173

The simultaneous excitation of lower-band and upper-band waves is explicitly demon-174

strated in Figure 3, which displays the energy spectral density of δE⊥ at x = y = 25.7λe175

from tΩe = 900 to 1800. The two spectral peaks in the lower and the upper bands agree176

well with the prediction of the linear kinetic analysis and demonstrate the growth of the177

unstable modes driven by the warm and hot electron components, respectively. The four178

discrete spikes around the lower-band spectral peak are due to the limited size of the sim-179

ulation domain, which only allows waves of k = 2nπ/L (n=0, 1, 2, ...). It can be readily180

shown from the linear analysis results of section 2 (and even the cold plasma dispersion181

relation) that the frequencies at these spikes closely correspond to k‖ = 4, 5, 6, and182

7× 2π/Lx (k⊥ = 0) in the simulation. The spectral peak would be continuous if a much183

larger simulation domain can be used, which is limited by the available computational184

resources.185

The δE⊥(x, y) at tΩe = 1800 and the corresponding spatial power spectrum are shown186

in Figure 4a and Figure 4b, respectively. Figure 4a suggests the superposition of short-187

wavelength obliquely-propagating waves on top of long-wavelength field-aligned waves in188

the system. This is clearly confirmed by Figure 4b where the strongest peak is at parallel189

propagation associated with the lower-band waves while the second peak is at oblique190

propagation corresponding to the upper-band waves. The locations of the spectral peaks191

in Figure 4b are in good agreement with the linear theory prediction. Interestingly, the192
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LIU ET AL.: EXCITATION OF BANDED WHISTLERS X - 11

weak enhancement of waves around k‖λe = 0.5 and k⊥λe = 2.5 suggests that the nonlinear193

wave-wave coupling mechanism in Schriver et al. [2010] is also operating. This has been194

clearly confirmed by a simulation with 100% warm electrons (all other parameters remain195

unchanged).196

4. Summary and Discussion

A possible excitation mechanism of banded whistler waves is investigated using both197

linear kinetic analysis and a PIC simulation. Whistler waves in the lower and the upper198

bands can be generated simultaneously by the whistler anisotropy instability driven by two199

bi-Maxwellian electron components with T⊥/T‖ > 1 at different T‖, independently. For200

the typical magnetospheric condition of 1 < ωe/Ωe < 5 in regions associated with strong201

chorus emissions, the present study suggests that upper-band waves can be excited by202

anisotropic electrons below ∼ 1 keV, while lower-band waves are excited by anisotropic203

electrons above ∼ 10 keV. The resultant lower-band waves are generally field-aligned204

and substantially electromagnetic. However, the excited upper-band waves propagate205

obliquely to B0 and have quasi-electrostatic fluctuating electric fields.206

The excitation mechanism discussed requires two anisotropic electron components with207

β̃‖j above and below ∼ 0.025, respectively, when ωe/Ωe > 1. The mechanism operates208

over a range of ωe/Ωe as long as T‖c, which corresponds to the critical value of β̃‖ ∼ 0.025209

and changes with ωe/Ωe, is still between T‖w and T‖h. The properties of the excited waves210

change gradually when β̃‖j of the electron component which drives the instability varies211

[Gary et al., 2011]. Changes in ωe/Ωe, T‖w and T‖h would consequently modify the width212

of the spectral gap near 0.5Ωe and may even affect the location of the gap if the parameter213
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X - 12 LIU ET AL.: EXCITATION OF BANDED WHISTLERS

changes are sufficiently large. For example, the frequency of the upper-band waves excited214

in the present study is relatively high compared with observations that upper-band waves215

tend to have a peak intensity near 0.53Ωe [Burtis and Helliwell , 1976]. A lower frequency216

of the upper-band waves can be achieved if T‖w or ωe/Ωe in the present study is higher.217

Subsequently, the excited upper-band waves would become more field-aligned and more218

electromagnetic. A relatively cool warm electron component has been used in the present219

study to highlight the oblique-propagation and quasi-electrostatic features of the excited220

upper-band waves.221

Due to the quasi-electrostatic feature of the excited upper-band waves, the proposed222

excitation mechanism suggests that upper-band waves may be more easily identified in223

electric field observations than in magnetic field observations. Furthermore, upper-band224

waves are liable to Landau damping due to their significant δE‖ component. The simu-225

lation results suggest that the saturation level of upper-band waves is lower than lower-226

band waves. This is consistent with observations that lower-band waves are stronger than227

upper-band waves on average [Meredith et al., 2001]. In addition, the oblique propagation,228

the lower saturation level, and the more severe Landau damping together would make the229

propagation of upper-band waves to high latitude regions more difficult compared with230

lower-band waves. This is in agreement with observations that upper-band waves are231

more tightly confined to the geomagnetic equator (|λm| <∼ 10◦) than lower-band waves232

[e.g. Meredith et al., 2001, Figures 5 and 6].233

The cold background electrons ∼ 1 eV often present in the magnetosphere are not234

included in this study to facilitate the PIC simulation. We have carried out linear ki-235
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LIU ET AL.: EXCITATION OF BANDED WHISTLERS X - 13

netic analysis including the background electrons but the results show little change in the236

properties of the unstable modes except that the instability growth rate is reduced pro-237

portional to the reduction of the warm and hot electron concentrations. In addition, the238

present study uses uniform background and represents only the vicinity of the geomag-239

netic equator. So the propagation effects as well as the nonlinear wave growth involving240

the inhomogeneity of the geomagnetic field [Omura and Summers , 2008; Omura et al.,241

2009] are not included.242

Acknowledgments. This work was performed under the auspices of the U.S. De-243

partment of Energy (DOE). It was supported primarily by the Defense Threat Reduction244

Agency under the “Basic Research for Combating Weapons of Mass Destruction (WMD)”245

Program, project IACRO # 07-4323I, with additional support from the Heliospheric Guest246

Investigators Program of the National Aeronautics and Space Administration, and the247

Dynamic Radiation Environment Assimilation Model (DREAM) project at Los Alamos248

National Laboratory. Computational resources supporting this work were provided by249

the NASA High-End Computing (HEC) Program through the NASA Advanced Super-250

computing (NAS) Division at Ames Research Center.251

References

Anderson, R., and K. Maeda (1977), VLF emissions associated with enhanced magneto-252

spheric electrons, J. Geophys. Res., 82 (1), 135.253

Bell, T. F., U. S. Inan, N. Haque, and J. S. Pickett (2009), Source regions of banded254

chorus, Geophys. Res. Lett., 36 (L11101), doi:10.1029/2009GL037629.255

D R A F T June 1, 2011, 5:19pm D R A F T

kaijun
Highlight

kaijun
Highlight



X - 14 LIU ET AL.: EXCITATION OF BANDED WHISTLERS

Bortnik, J., W. Li, R. M. Thorne, V. Angelopoulos, C. Cully, J. Bonnell, O. L. Contel,256

and A. Roux (2009), An observation linking the origin of plasmaspheric hiss to discrete257

chorus emissions, Science, 324, 775, doi:10.1126/science.1171273.258

Burtis, W. J., and R. A. Helliwell (1976), Magnetospheric chorus: Occurrence patterns259

and normalized frequency, Planet. Space Sci., 24 (11), 1007.260

Curtis, S. (1978), A theory for chorus generation by energetic electrons during substorms,261

J. Geophys. Res., 83 (A8), 3841.262

Gary, S., and I. Cairns (1999), Electron temperature anisotropy instabilities: Whistler,263

electrostatic and z mode, J. Geophys. Res., 104 (A9), 19,835.264

Gary, S. P., D. Winske, and M. Hesse (2000), Electron temperature anisotropy instabili-265

ties: Computer simulations, J. Geophys. Res., 105 (A5), 10,751.266

Gary, S. P., K. Liu, and D. Winske (2011), Whistler anisotropy instability at low β:267

Particle-in-cell simulations, Phys. Plasmas, submitted.268
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Figure 1. Linear dispersion theory results: Instability growth rate as a function of

kλe and θ for a plasma with 90% of warm electrons and 10% of hot electrons. The two

asterisks represent the locations of the local maximum growth rates. The black contour

lines are the contour of γ/Ωe = 0.01. Note that the minimum value of the color scale

corresponds to γ/Ωe = −0.03 so larger damping rates saturate in the plot.
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Figure 2. Simulation results: The time evolution of T⊥/T‖ of (a) the warm electrons,

and (b) the hot electrons, as well as the wave energies in different (c) electric and (d)

magnetic field components. In panels c and d, the red, green, blue, and black lines denote

x− ‖ component, y− ⊥ component, z− ⊥⊥ component, and the total of the corresponding

field, respectively.
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Figure 3. Simulation results: the energy spectral density of δE⊥⊥/cB0 at x = y =

25.7λe from tΩe = 900 to 1800. The two vertical dashed lines mark the locations of the

most unstable modes predicted by the linear kinetic analysis in section 2.
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Figure 4. Simulation results: The wave component δE⊥ at tΩe = 1800. (a) The

contour plot of δE⊥/cB0. (b) The spatial power spectrum of δE⊥/cB0 in logarithmic

scale. The black contour lines are the same ones in Figure 1 but are now plotted in the

k⊥-k‖ coordinates. They represent the contour of γ/Ωe = 0.01 given by linear kinetic

dispersion theory.
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