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Overview & Outline

Overview of SAID

Data Analysis Center/Center for
Nuclear Studies

SAIDa: suite of programs to analyze
2→ 2 & 3 body data
Routines: database, fit, and analysis
Dedicated effort: analyze/interpret the
terabytes of experimental data issuing
from Bonn, JLab, Lund, Mainz, . . .

Reactions: πN → πN, ηN, . . .;
γN → πN, ηN, ωN, . . .

Objectives: model independent
amplitudes; unified hadro- &
electo-prod; study resonances & QCD
Uses

Verify models vs. data
Experimental planning
Simulations/event gen: Astrophysics;
Nuclear reactions; Detector
design/calibration

aWeb: http://gwdac.phys.gwu.edu/
ssh: ssh -X said@said.phys.gwu.edu
[passwordless]
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Observables & amplitudes
Formalism

Results γN → πN, ηN

Hadroproduction
Photoproduction
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Hadronic observables
πN → πN, ηN

How much info req’d? → Count statesQ4
i=1(2λi + 1) = 2|{z}

N′

· 1|{z}
π′

· 2|{z}
N

· 1|{z}
π

= 4 spin combinations

Parity reduces by factor 2

〈λ′N |T |λN〉 = 〈−λ′N |T | − λN〉
2 C amplitudes→ 4 R real Op(θ; W )

4 R observables: Op(θ; W )

→ dσ
dΩ

– unpol. diff. cross section
→ P – recoil nucleon transverse pol.
→ R – spin rot. ‖ pf
→ A – spin rot. ⊥ pf

Constraint: P2 + R2 + A2 = 1
→ 3 indep. obs’s
→ Overall phase fixed by unitarity

π

N

π, η, ω

N
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What a unitary param.
does for you: no re-fit
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State count→ NB: λγ = 1
2Q4

i=1(2λi + 1) = 2|{z}
N′

· 1|{z}
π′

· 2|{z}
N

· 2|{z}
γ

= 8 spin combinations

Parity reduces by factor 2
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〈λ′N |T |λ〉 = 〈−λ′N |T | − λ〉
4 C amplitudes→ 8 R real Op(W )

16 R observables: eg.
→ dσ

dΩ
– unpol diff cross section

→ P – recoil transverse asymm
→ Σ – lin pol photon beam asymm
→ T – longitudinal target asymm
→ E – beam-target helicity asymm

Constraints: eg.
−P2 + Σ2 + T 2 + E2 + F 2 + G2 = 1

FG + ΣT = P + EH
→ 8 indep. obs’s [discrete ambiguity]

γ, γ∗π, η, ω

NN
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*H. Iwamoto (GWU) thesis
Forthcoming, Jan. 2011
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Database
Tabular form

πN elastic data W . 2.1 GeV

1st generation (’57–’79)
used by CMB(79) and KH(84)
analyses
∼ 10k π±p each; 2k CXS

2nd generation→ SAID fits

∼25% data is polarized

expt ratings: 1–3*’s

fits subject to data flagging

π photoproduction W . 2.5 GeV

Ukai & Nakamura (’85)

∼10k before ’90

85% bremsstrahlung before ’94

tagged photon data

limited coverage, polarization data

dearth of neutron data
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Data summary
Motivation for why we attempt a unified approach

Hadronic

πN → πN: complete over ‘reasonably good’ kinematic range

πN → ηN: dσ
dΩ

only, essentially (a few P-data at higher energies)

Photoproduction

γN → πN: unpolarized and single polarization only

γN → ηN: unpolarized and very few single polarization

Forthcoming
Hadronic: expectation is low [J-PARC?]

Photoproduction: expectation is for (nearly) complete measurement

Upshot
Current approaches fix hadronic when fitting electromagnetic; but EM is strongly
dependent on hadronic subprocesses

Require a unified (multichannel, unitary) parametrization approach

Permits hadronic↔ electromagnetic processes to affect each other
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Forthcoming polarization measurements
Pion and Eta Photoproduction Data on Nucleon

Wei Chen & Haiyan Gao, Duke U.: CLAS g10: DSG γn → π−p
Daria Sokhan & Dan Watts, EU: CLAS g13: Σ γn → π−p
Paul Mattione & Dan Carman, JLab: CLAS g13: DSG γn → π−p
Mike Dugger, ASU: CLAS g8b: Σ γp → π+n, γp → π0p
Patrick Collins, CUA: CLAS g8b: Σ γp → ηp
Hideko Iwamoto & Bill Briscoe, GW: CLAS g9a: E γp → π0p
Steffen Strauch, SCU: CLAS g9a: E γp → π+n
Steffen Strauch, SCU: CLAS g9b: T , H, F , & P γp → π0p
Brian Morisson & Mike Dugger, ASU: CLAS g9a: E & G γp → ηp
Wei Chen & Haiyan Gao, Duke U.: CLAS g12: DSG γp → π+n
Arthur Sabintsev & Bill Briscoe, GW: CLAS g9b: H, F , & P γp → π+n
Jo McAndrew & Dan Watts, EU, CLAS g9a: G γp → π+n,γp → π0p
Reinhard Beck, Bonn U.: CB-ELSA: GDH γp → π0p,γp → ηp
Derek Glazier & Dan Watts, EU: MAMI-B: Cx & Cz γp → π0ηp
David Hornidge, MTA & Sergey Prakhov, UCLA: CB@MAMI-C: DSG & Σ γp → π0p
Berhan Demissie & Bill Briscoe, GW: CB@MAMI-C: DSG γn → π0n
Evie Downie, GW/Mainz U.: CB@MAMI-C: F γp → π0p
Kevin Fissum, GW/Lund U.: MAX-lab: γp → π+n
Kevin Fissum, GW/Lund U. & Bill Briscoe, GW: MAX-lab: γn → π−p,γn → π0n
Andy Sandorfi, JLab: BNL: E & G γp → π+n
Andy Sandorfi, JLab & Franz Klein, CUA: JLab g14: E γn → π−p
Slava Kuznetsov, INR: GRAAL: DSG γn → ηn
Carlo Shaerf, INFN: GRAAL: DSG γn → ηn
Berndt Krusche, Basel U.: CB-ELSA: DSG & Σ γn → ηn
Berndt Krusche, Basel U.: CB@MAMI-C: DSG & Σ γn → ηn
Hajime Shimizu, Tahoku U.: -LNS: DSG γn → ηn

Please notify me of omissions

Pseudoscalar prod. observables

Unpolarized
dσ
dΩ

- unpol. diff. x-section

Single spin observables
Σ - linear photon beam
T - long. target
P - recoil transverse

Double spin observables
Beam-target
E - circ. photon beam-long. target
F - circ. photon beam-trans. target
G - lin. photon-long. target
H - lin. photon-trans. target
Beam-recoil
Cx - circ. photon beam-trans. recoil
Cz - circ. photon beam-long. target
Ox - lin. photon-trans. target
Oz - lin. photon-long. target
Target-recoil
Tx - trans. target-trans. recoil
Tz - trans. target-long. target
Lx - long. target-trans. target
Lz - long. target-long. target
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‘Missing’ resonances

For SAID, the ‘missing resonance problem’ is getting worse:

Credit: W. Briscoe [N*2007 Plenary]
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FAQ about SAID
Everything you wanted to know but were afraid to ask

SAID is a parametrization, not a model (see next slide)

There is no ‘non-resonant’ / ‘resonant’ separation =⇒ we cannot provide a
unique decomposition of the SAID amplitudes into “background” and “resonant”
pieces

Resonances arise ‘dynamically,’ in a sense, from the fit and the form of the
parametrization

“Fit to data” ' a fit to scattering observables (not amplitudes nor phases);
important for interference effects

Analytic structure, as dictated by two-body and ‘features’ of three-body unitarity
are correct; eg. Fixed-t dispersion relations are well-satisfied (and no re-fit was
needed after DR ‘pseudo-data’ added)
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Models vs. parametrizations
Attempted definition

Objective: determine the resonance spectrum of the nucleon

Definition context: What is the assumed particle content of the theory?

Model: assume stable (π, η, ω,N) & unstable (σ, ρ,N∗,∆∗, etc.) → calculate
observables→ adjust resonance contibution

Parametrization: assume stable (π, η, ω,N) only→ fit data→ deduce resonance
spectrum

πN models and parametrizations (no particular order)

Models Parametrizations
Carnegie-Mellon Berkeley Karlsruhe-Helsinki*
Jülich MAID
Giessen SAID
EBAC
Chiral-Unitary
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Unitarity constraint on T

S matrix definition

Sαβ(E) = 〈kαα|S|kββ〉

= δ(3)(kα − kβ)δαβ + 2iπδ(Eα − Eβ)〈kαα|T |kββ〉

Unitarity constraint on T from S†S = SS† = 1

Tαβ − T †αβ = 2πi
X
γ

Z
d3kγT †αγδ(Eγ − Eβ)Tγβ

Tαβ − T †αβ = 2πi
X
γ

Z
dΩγ

Z ∞
0

dkγ T †αγδ[(k2
γ + m2

γ1)1/2 + (k2
γ + m2

γ2)1/2 − Eβ ]Tγβ

= 2i
X
γ

Z
dΩγT †αγργTγβ

ργ = θ(W −mγ+)
πk̄γEγ1Eγ2

W
.

NB: Presence of Heaviside θ(W −mσ+)→ threshold branch points
“Maximal analyticity” =⇒ real branch points
Branch points /∈ R are model dependent
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Kinematic singularity-free amplitudes

1
2i

[Tαβ − T∗αβ ] = Im Tαβ

=
X
σ

Z
dΩσT∗ασθ(W −mσ+)ρσTσβ

The kinematical singularities are removed from the unitarity constraint by considering
T ′αβ =

√
ρ
α

Tαβ
√
ρ
β

.

T ′αβ − T ′∗αβ = 2i
X
σ

T ′∗ασθ(W −mσ+)T ′σβ

where the T ′αβ now represent the partial wave amplitudes. Casting this relation as a
matrix equation

1
2i

[T ′ − T ′∗] = T ′∗θ(W −M+)T ′,

where M+,ασ = mσ+δασ , and multiplying from the left by [T ′∗]−1 and from the right by
T ′−1 gives

Im T ′−1 = −θ(W −M+).
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Unitarity
Branch points

Unitarity (conservation of probability)↔ Analyticity

S = 1 + 2iρT

S†S = SS† = 1

T − T † = 2iTρT † ρ = density of states

ImT−1(W ) = −ρ Disc T−1 = −2iρ

W

-Tr [Im T-1] 

W(2) W(3) W(4)

W
t

C

W'

Ignoring poles and unphysical branch points
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Parametrizations
Complexity→ simplicity

Objective

Determine simple functional form to reduce data observables to model independent
amplitudes

Domain of analyticity
Unitarity→ threshold branch points

Bound-state poles, ReE = W < Wt

Large W behavior→ subtractions

Simplify or ‘implement functionally’
Stage 1: ‘remove’ branch points→
Heitler K matrix

Stage 2: ‘remove’ poles→
Chew-Mandelstam K matrix

E'

X

Boundary data

Threshold branch points

Poles

X X
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Heitler K -matrix form
‘Removing’ branch points

Unitarity constraint determines on-shell K uniquely

T−1 = Re T−1 + i Im T−1 ImT−1= −ρ

= K−1 − iρ ReT−1 ≡ K−1

Heitler equation

K−1 × {K−1 = T−1 + iρ} × T−1

T = K + iKρT

ImT−1 saturates unitarity, determines branch points

ReT−1 ≡ K−1 differentiable (analytic) physical region

K meromorphic function of W , may possess poles

K =
1

T−1 + iρ
= T

1
1 + iρT
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Chew-Mandelstam K -matrix form
‘Removing’ poles

Motivation — Im T−1 = −ρ [UCT]

T−1 = K−1 − iρ

= {K−1 − ReC}+ {ReC − iρ}

= K−1
CM − C

[UCT ] =⇒ ImC = ρ ‘disperse’ it – next slide

Chew-Mandelstam KCM vs. K matrix

K−1= K−1
CM − ReC

K = [1− KCM Re C]−1KCM

For polynomial KCM , in general, has Det[1− KCM Re C] = 0

No need for explicit poles in KCM , but possible to include explicit poles

KCM poles are ‘dressed’

Query: Are KCM poles related to bare poles of dynamical models (eg. S11(1535)
& P33(1232))? (arXiv:1101.0621 w/R. Workman)
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T and K poles
R. Workman & MP Phys. Rev. C 79, 038201 (2009)

`JT T poles K poles
S11 (1500, 50) (1650, 40) 1535 1675
P11 (1360, 80) (1390, 80)† − −
P13 (1665, 175) −
D13 (1515, 55) −
D15 (1655, 70) 1760
F15 (1675, 60) (1780, 130) − −

Table: Pole positions in complex energy plane of T and K matrix for the πN → πN reaction from
SAID (SP06) for isospin T = 1

2 partial waves. Each T pole position is expressed in terms of its
real and imaginary parts (MR ,−ΓR/2) in MeV. Only K matrix pole positions which satisfy
1.1 GeV < W < 2.0 GeV are considered. †This pole is located on the second Riemann sheet.
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Chew-Mandelstam function C`(W )
Dispersion relation representation

C`(W ) =

Z ∞
Wt

dW ′

π

Im C`(W ′)
W ′ −W

−
Z ∞

Wt

dW ′

π

Im C`(W ′)
W ′ −Ws

Im C`(W ) =

„
W −Wt

W −Ws

«`+1/2

C`(z) =

Z 1

0

dx
π

x`+1/2

x − z

z =
W −Wt

W −Ws

Proper threshold behavior ∼
√

W −Wt

Two-particle channel cut
Unstable (quasi two-body) particle channels Wt = Re Wt + i Im Wt

NO left-hand cut
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Chew-Mandelstam function C`(W )
Dispersion relation representation

L= 0
C

-M
 f

u
n

ct
io

n
s

Solid=ImC, Dashed=ReC

 1078  2278W
c.m.

(MeV)

π-N π-∆# ρ-N η-N
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N/D (Wiener-Hopf) approach
Relation to C-M approach

T (W ) = D−1(W )N(W )

ImD(W ) = N(W )ImT−1(W ) ImN(W ) = 0 W > mi + mt

ImN(W ) = D(W )ImT (W ) ImD(W ) = 0 W < 0

D(W ) =

npX
i=1

D(W ; Wi )−
1
π

npY
i=1

(W −Wi )

Z ∞
Wt

dW ′
N(W ′)ρ(W ′)

(W ′ −W )
Q

j (W ′ −Wj )

N(W ) = K

8<:X
i

D(W ; Wi )−
1
π

npY
i=1

(W −Wi )−
Z ∞

Wt

dW ′
N(W ′)ρ(W ′)

(W ′ −W )
Q

j (W ′ −Wj )

9=;
Chew-Mandelstam approximates N, neglecting left-hand cut

N(W ) = K (W )

Kαβ =

nαβX
n=0

cαβ,nzn
αβ(W )
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Energy-dependent solutions
Chew-Mandelstam K -matrix parametrization

Partial wave T = ρ1/2KCM [1− CKCM ]−1ρ1/2 parametrized:

KCM =

„
Kee Kei
Kei Kii

«
Kee πN → πN element
Kei πN → i vector, i = 1, . . . ,Nch − 1
Kij Nch − 1× Nch − 1 matrix

Parametrization

Kee =
5X

n=0

pnzn +
p2

r1 + p2
r2

MR −W
z = W − (mπ + mN )

Kei =
3X

n=0

pn+5i zn +
pr3pr4

MR −W
z = W − (2mπ + mN )

Kij = δij

 
p4+5i + p5+5i z +

p2
r5

MR −W

!
z = W − (2mπ + mN )
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SAID partial waves
‘SP06’ Solution

Solution names: ‘XX##’, ‘X###’ — SP06 = Spring 2006, FA02 = Fall 2002, . . .

Each πN → πN partial wave [shown here: S11, P11, P13, D13] shows

energy-dependent

single-energy (SE) solutions.

Single energy are solutions are sometimes called, confusingly, “energy-independent.”
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Models
Contrast models with parametrizations

Complementary approaches

Model: Assume unstable particle content, deduce observables
Parametrization: Deduce unstable particle content (amplitudes) from observable data

Dynamical equation

T = V + VG0T

Hamiltonian G0 = [E − H0 + iε]−1 – Lippmann-Schwinger

Covariant G0 = [(k2 −m2
1 + iε)(k2 −m2

2 + iε)]−1

Nonresonant + Resonant = A model

V = v + vR =⇒ T = t + tR

v = + · · · vR = Γ[E − H0]−1Γ

t = [1− vG0]−1v tR = Γ[E −M(0) − Σ(E)]−1Γ

Consider poles. Ceci et.al. [Phys. Lett. B 659 (2008) 228–233] show the model
dependence of the resonance contribution to T matrix poles
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Unified hadro/photoproduction parametrization
Motivation MP & R. Workman, Phys. Rev. C 82, 035202 (2010)

1 Current SAID photoproduction parametrization form lacks full multichannel unitarity
2 Despite χ2/datum ∼ 2, problems with eg. γp → ηp
3 Extend SAID Chew-Mandelstam approach used in hadronic sector to

electromagnetic
Hadronic sector πN → πN & πN → ηN (untouched)
4 channel Chew-Mandelstam approach {πN, ηN, π∆, ρN}
Electromagnetic sector γN → πN & γN → ηN
Introduce 4 channel Chew-Mandelstam approach {πN, ηN, π∆, ρN} with same
hadronic “rescattering” matrix
Hadronic subprocess dominant in photoproduction→ ‘backconstrain’ hadronic
amplitudes
Obtain η−photoproduction amplitude with resonant phase – various model approaches
[Green & Wycech; Kaiser et. al.; Aznauryan] yield wide range of phases

4 Study baryon resonances in ηN channel
5 Study η-sector physics

M. Paris – GWU/CNS/DAC Unified description of hadro/photoproduction – 2011/01/25 ECT*



Observables & amplitudes
Formalism

Results γN → πN, ηN

Exploratory study
Pion Photoproduction

‘Old’ SAID K -matrix formalism
compare to Green & Wycech PRC55(1997); Arndt et. al. PRC58(1998); Green & Wycech PRC60(1999)

Two-channel formalism (can be generalized to N 2-body channels)

Tπγ = (1 + iTππ)Kπγ + iTπηKηγ Tηγ = (1 + iTηη)Kηγ + iTηπKπγ

Reduction via hadronic matrix to various forms

Tηγ =

„
Kηγ −

KπγKηη
Kπη

«
(1 + iTηη) +

Kπγ
Kπη

Tηη

= A(W )(1 + iTηη(W )) + B(W )Tηη(W ) Form 1

= A′(W )(1 + iTππ(W )) + B′(W )Tππ(W ) Form 2

EP072 eta-photo-prod  03/07 Arndt/Strako 2/16/ 7
E429  [700-2900] 2818/1811 32 PRM                       SP

 S-E solutions=GWU   0.00  0.00  0.00  0.00  0.00

W
c.m.

(MeV) =1490.0[  5.0]1610.0

S11  pE=2 mFm

Anticipate resonant phase in region 1.49 GeV . W . 1.6 GeV
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‘New’ SAID Chew-Mandelstam parametrization
π− & η−photoproduction MP & R. Workman Phys. Rev. C 82, 035202 (2010)

Current hadronic parametrization fits πN → πN, πN → ηN, DR, . . .

Tαβ =
X
σ

[1− K C]−1
ασKσβ → CM ‘rescattering’ matrix

Generalized to photoproduction (hadronic matrix fixed by above)

Tαγ =
X
σ

[1− K C]−1
ασKσγ

Perform fit at amplitude level to ReEπ0+, ImEπ0+ & |Eη0+|

1500 1520 1540 1560 1580 1600
W [MeV]

-15

-10

-5

0

5

10

15

20

25

E
0+

 [
m

fm
]

Amplitudes
Solid curve: ReEη0+

Dashed curve: ImEη0+
Dot-dashed curve: ReEπ0+
Double dot-dashed curve: ImEπ0+

Dotted curve: |Eη0+|
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‘New’ SAID Chew-Mandelstam parametrization
π− & η−photoproduction MP & R. Workman Phys. Rev. C 82, 035202 (2010)

Current hadronic parametrization fits πN → πN, πN → ηN, DR, . . .

Tαβ =
X
σ

[1− K C]−1
ασKσβ → CM ‘rescattering’ matrix

Generalized to photoproduction (hadronic matrix fixed by above)

Tαγ =
X
σ

[1− K C]−1
ασKσγ

Perform fit at amplitude level to ReEπ0+, ImEπ0+ & |Eη0+|

-20 -15 -10 -5 5 10 15

Im E
η
0+

 [mfm]

-20

-15

-10

-5

5

10

15

20

Re E
η
0+

 [mfm]

Argand diagram
Triangles – ‘Old’ Heitler K matrix
(non-unitary) formalism
Circles – ‘New’ Chew-Mandelstam
K matrix (non-unitary) formalism
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Comparison to MAID

Eπ0+ SAID and MAID solutions

1200 1300 1400 1500 1600
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E
π 0+
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m
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Refitting with MAID Eπ0+and same |Eη0+|
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  DSG    Elab=  800.00  UNNormalized

     0.00

     5.52

 Plotted data is for Elab= 790.00 to Elab= 810.00

 HE[73]

 AL[79]

 AR[77]

 HY[73]

 YO[80]

 BA[05]

 LO[01]P

 HA[96]P

 KR[99]

 SC[97]P

 BA[05]1

 BN[75]

 WR[67]

 DO[75]

 DE[69]

 SA[65]

 WC[60]

 FL[74]

 BC[73]

 ZE[88]P

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  P      Elab=  800.00  UNNormalized

    -0.73

     0.69

 Plotted data is for Elab= 785.00 to Elab= 815.00

 BV[87]

 BV[80]

 KA[80]

 BV[85]

 BV[81]

 BV[82]

 BM[76]

 GC[73]

 BM[70]

 QU[61]

 BV[83]

 WI[02]

 ML[65]

 AV[87]

 AV[88]

 BV[85]1

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  S      Elab=  800.00  UNNormalized

    -0.08

     1.14

 Plotted data is for Elab= 785.00 to Elab= 815.00

 AV[83]1

 AV[79]

 AV[84]

 AS[72]

 AD[01]

 BA[05]1

 KE[74]

 AV[83]2

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  T      Elab=  800.00  UNNormalized

    -0.39

     0.92

 Plotted data is for Elab= 785.00 to Elab= 815.00

 FE[76]1

 FK[78]

 BH[77]

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  E      Elab=  800.00  UNNormalized

    -0.12

     1.00

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  F      Elab=  800.00  UNNormalized

    -0.00

     0.86

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  G      Elab=  800.00  UNNormalized

    -0.44

     0.25

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

   0.0  180.0θ
c.m.

(deg)
SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
PR072  Photo-prod          08/07 Arndt/Strakovsky  8/15/ 7

 PI0P  H      Elab=  800.00  UNNormalized

    -0.69

     0.21

FA10
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CM form for γN → πN
Fixed CM rescattering matrix

 Amplitudes in mFm - Xsect in mub

π0p 1100.0  2100.0W
c.m.

(MeV)

 S-E solutions=VPI  13.75 22.50  0.00  0.00  0.00

  -30.0

   50.0
S

3
1 p

E

SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
FA10 2700 MEV P[199] CHI/DP=51064/24912                SM0

P PFS
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CM form for γN → πN
Fixed CM rescattering matrix

 Amplitudes in mFm - Xsect in mub

π0p 1100.0  2100.0W
c.m.

(MeV)

 S-E solutions=VPI  13.75 22.50  0.00  0.00  0.00

   -2.0

   18.0
S

1
1 p

E

SP09K 2700 MEV P[199] CHI/DP=51064/24912                SM
FA10 2700 MEV P[199] CHI/DP=51064/24912                SM0

P P PF FS S
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CM form for γN → πN
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Summary

Unitarity determines non-analyticities in physical region, w > mi + mt

Related Chew-Mandelstam form to N/D approach→ ‘left-hand cut’ neglected in
C-M

Realistic description of hadroproduction data requires correct analytic form↔
unitarity

Forthcoming photoproduction data

Performed simultaneous coupled-channel fit of η−photoproduction S11 multipole
modulus, |Eη0+| and π−photoproduction amplitude, Eπ0+

Current approach yields resonant Eη0+ phase→ encourages us to pursue the C-M
approach in fits to photoproduction observables (not amplitudes)

Performed fit to π−photoproduction data using C-M form, yields similar but distinct
partial waves with comparable χ-squared

Outlook
1 Perform simultaneous fit to π− and η−photoproduction data using C-M form
2 Perform simultaneous, global fit to πN → πN, πN → ηN, γN → πN, γN → ηN using

C-M form: offers opportunity for precision electromagnetic data to ‘back-constrain’
hadronic amplitudes (some of which are very poorly known)

3 ‘Left-hand’ branch points?
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Dedication

To the memory of our friend and colleague,
Dick Arndt, GWU Research Professor and
Virginia Tech Emeritus Professor, who
passed Saturday, April 10, 2010.
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Supplementary material

Follow-on material
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The Riemann–Hilbert problem
Properly: ‘The scalarR−H method’

Reconstruction of a complex function given boundary data

Riemann [1851]: analytic function find f (z) = u(z) + iv(z) given
α(z(t))u(z(t)) + β(z(t))v(z(t)) = γ(z(t)) on a curve C

Hilbert [1904]: find an analytic function given the discontinuity data along a
curve↔ Disc T , transition matrix
Applications in math

Solve (singular) linear integral equations
Solve partial differential equations
Hilbert transforms or Kramers-Krönig dispersion relations
. . .

. . . & physics
Elasticity: Laplace boundary value prob. on D+

Hydrodynamics: non-linear Korteweg-deVries (KdV)
equation, ut + uxxx + uux = 0 shallow water soliton waves
Electrostatics: find surface density on C ⇒ constant potential
Hadronic physics: discontinuity data from unitarity
Renormalization group: Connes & Kreimer showed that renorm.
is equivalent to solving anR−H problem
. . .

M. Paris – GWU/CNS/DAC Unified description of hadro/photoproduction – 2011/01/25 ECT*
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Chew-Mandelstam approach

Recap: solving the R−H problem

Have: scattering data on the real axis, eg. dσ
dΩ

Want: transition amplitude T in complex W plane→ resonances

Know: T is discontinuous from unitarity

Approach: parametrize T matrix using Chew-Mandelstam technique

Result: search for poles↔ resonances

Discontinuities in Chew-Mandelstam function C(W )

T−1 = K−1
CM − C ImC = −ρ

Parametrize KCM (boundary data isn’t analytic)

KCM (p; W ) =
3 or 4X
n=0

pn[W −Wt ]
n

Parameters p are fixed by fitting scattering
observables (unpolarized diff. x-sec., pol.
asymmetries, . . . )

W
t

C

W'
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SAID: Scattering Analysis Interactive Database amplitudes
πN elastic scattering and inelastic reactions

Chi-squared per datum compared with model calculations

Optimize χ–squared w.r.t. p → KCM (p)

χ2(p) =
1

Ndata

NdataX
i=1

»
Φn(i)yi (p)− Yi

∆Yi

–2

+
1

Nexp

NexpX
n=1

»
Φn − 1
∆Φn

–2

Correct analytic behavior ensures realistic description (low–χ2) of the data
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πN → πN
Analytic continuation

Spectroscopic notation: L2I,2J – L: rel. πN orb. ang. mom.; I: isospin; J: total intrinsic
ang. mom.
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πN → πN dispersion relations
πNN coupling

Old debate with Karlsruhe-Helsinki: ’Dispersion relations aren’t satisfied’

Correct analytic behavior ensures DR’s satisfied

Use the DR’s to compute the πNN coupling constant

Fixed-t DR

(νB ± ν) {∓Re B±(ν, t)

±
ν

π

Z ∞
νth

dν′

ν′

»
Im B+

ν′ ∓ ν
+

Im B−
ν′ ± ν

–)

=
g2

M
+ B̃(0, t)(νB ± ν)

g = 13.69± 0.07 f = 0.0757± 0.0004
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Effective field theory

Hadronic interactions:
π, η,N,∆:
LpNN =−

fpNN

mp
w̄Nclc5EswN · ­

l E/p, (A.1)

LpND =−
fpND

mp
w̄

l
D
ET wN · ­l

E/p, (A.2)

LpDD =
fDDp

mp
w̄Dlcmc5

ETDw
l
D · ­m

E/p, (A.3)

LgNN =−
fgNN

mg
w̄Nclc5wN­

l/g. (A.4)

ρ:
LqNN = gqNN w̄N

[

cl −
jq

2mN

rlm­
m

]

Eql ·
Es

2
wN , (A.5)

LqND =−i
fqND

mq
w̄

l
Dcmc5

ET · [­l Eqm − ­m Eql]wN + [h.c.], (A.6)

LqDD = gqDDw̄Da

[

cl −
jDDq

2mD
rlm

­m

]

Eql · ETDwa
D, (A.7)

Lqpp = gqpp[ E/p × ­l
E/p] · Eq

l, (A.8)

LNNqp =
fpNN

mp
gqNN w̄Nclc5EswN · Eq

l × E/p, (A.9)

LNNqq =−
jqg2

qNN

8mN

w̄NrlmEswN · Eql × Eqm. (A.10)

ω:
LxNN = gxNN w̄N

[

cl −
jx

2mN

rlm­
m

]

xlwN , (A.11)

Lxpq =−
gxpq

mx
ǫlakm­

a Eql­
k E/pxm. (A.12)

σ:
LrNN = grNN w̄NwN/r, (A.13)

Lrpp =−
grpp

2mp
­
l E/p­l

E/p/r. (A.14)

Electromagnetic ints:
π, η,N, ω,∆, ρ, σ: → −

LcNN = w̄N

[

êNcl −
ĵN

2mN

rlm
­m

]

wNAl, (A.44)

Lcpp = [E/p × ­
l E/p]3Al, (A.45)

LcNpN =
fpNN

mp
[w̄Nclc5EswN )× E/p]3Al, (A.46)

Lcqq = [(­
l Eqm − ­

m Eql)× Eqm]3Al, (A.47)

Lcqpp =−gqpp[( Eql × E/p)× E/p]3Al, (A.48)

LcNpD =
fpND

mp
[(w̄

l
D
ET wN )× E/p]3Al, (A.49)

LcNqN = gqNN

[

jq

2mN

(

w̄N

Es

2
rmlwN

)

× Eqm

]

3

Al, (A.50)

LcND =−iw̄
l
DCem,D

lm T3wNAm + (h.c.), (A.51)

Lcqp =
gqpc

mp
ǫabcd

E/p · (­
c Eqd)(­aAb), (A.52)

Lcxp =
gxpc

mp
ǫabcd(­

aAb)/3
p(­cxd), (A.53)

Lcqg =
gqgc

mq
ǫlmab

­lq3
m­aAb/g, (A.54)

Lcqr =−
gqrc

mq
(­lq3

m)(­
lAm − ­

mAl)r, (A.55)

LcDD = w̄
g
D

(

T 3
D +

1

2

) [

−clggm + (g
l
g cm + g

l
m cg)+

1

3
cgc

lcm

]

wm
DAl. (A.56)

M. Paris – GWU/CNS/DAC Unified description of hadro/photoproduction – 2011/01/25 ECT*



Observables & amplitudes
Formalism

Results γN → πN, ηN

Exploratory study
Pion Photoproduction

Dynamical model

Lagrangian density of preceeding page→Hamiltonian density

H =

Z
d3x H(x) = H0 + Hint Hint =

X
M,B,B′

ΓMB,B′ +
X

M.M′,M′′
ΓMM′,M′′

Dynamical Lippmann-Schwinger equation

T = V + TG0V

+=
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Hadronic π and ω production
πN → πN, ωN

Real part, isospin 1/2
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Photoproduction of π and ω mesons
γN → πN, ωN

dσ
dΩ

: γp → π0p
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Conclusion/Outlook

Conclusions
Non-perturbative QCD

Resonance spectrum probes confinement regime of QCD

Analytics
Resonances correspond to non-trivial analytic structures–poles–in the complex energy
plane

Model independence
Correct analytic behavior is required to obtain good agreement with data

Modeling
Probes one’s understanding of theories at the hadronic level

Outlook
Improve π–photoproduction amplitudes via the Chew-Mandelstam approach

Simultaneous fitting of π and η photoproduction reactions

Global fitting of hadronic and electromagnetic reaction data

Include ππN channel and its discontinuities
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Experimental quantities to ‘observables’
The part SAID doesn’t do

Process: ionization, bremsstrahlung, TOF, Cerenkov, showers
Detectors: bubble, PC, MWPC, DC, TPC, spark, streamer, scintillators, emulsions,
semiconductors, . . .

Detector simulation: GEANT, GSIM, SIM12, . . .
Event-based fitting

Particle state: species, four-momenta, polarization
Scattering observables e.g. γN → πN [after Barker et. al., NPB 96, 347, 1975]

unpolarized: dσ/dΩ
single polarization: Σ, T ,P
beam-target: E, F ,G,H
beam-recoil: Ox ,Oz ,Cx ,Cz
target-recoil: Tx , Tz , Lx , LzM. Paris – GWU/CNS/DAC Unified description of hadro/photoproduction – 2011/01/25 ECT*



Observables & amplitudes
Formalism

Results γN → πN, ηN

Exploratory study
Pion Photoproduction

Amplitudes→Observables
Elastic πN scattering

Spin dependence f (θ) = g(cos θ) + iσ · n̂h(cos θ)

Mixed state 〈O〉 = TrρO
Trρ with ρ =

P
s |s〉ps〈s|

ρf = fρi f †

Unpolarized nucleon ρ = 1
2

dσ
dΩ =

Trρf
Trρi

= |g(θ)|2 + |h(θ)|2

Pf =
Trσρf
Trρf

= − 2Im(g∗h)

|g|2+|h|2
n̂ = P(θ)n̂

Polarized nucleon Pi = Pi n̂
dσ
dΩ

˛̨
pol = dσ

dΩ (1 + Pi P(θ))

Longitudinally polarized target nucleon
R ‘spin rotation’: final pol. in scatt. plane along nucleon momentum
A ‘spin rotation’: final pol. in scatt. plane ⊥ nuc. mom.

Partial wave representation
eg. g(cos θ) = 1

q
P∞
`=0 {(`+ 1)f`+ + `f`−}P`(cos θ)
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Observables → Amplitudes

Differential cross section 2→ 2 reactions:
πN → πN, γN → πN, . . . at center-of-mass energy, W

dσ
dΩ

=
# particles scattered into (θ, φ)

unit time · incident flux

=
(4π)2

k2
ρ1′2′ (k ′)ρ12(k)

˛̨̨
Tλ1′λ2′ ,λ1λ2 (k ′, k ; W )

˛̨̨2
T transition matrix: complex function of W

New polarized experiments (Bonn, JLab, Lund,
Mainz)

Unitarity requires multi-channel data, eg.
γN → πN, γN → ππN, γN → ηN, . . .

Provide ‘boundary data’ on the real energy axis→
allows analytic continuation into complex plane

Figure courtesy H. Haberzettl

incoming 
plane wave

outgoing 
spherical wave

beam axis

area A

scattering 
angle 

incoming 
current j  

target

θ

interaction 
region

current dj 
scattered into d

dj

dΩ

detector 
aperture dA

FROzen Spin Target
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Ambiguities
Elastic πN scattering

Consider 2→ n−body scattering

Oαβ(kα,W ) =
1

k2
β

˛̨̨̨
˛̨X
P(α)

ZP(α)(kα)TαβZP(β)(kβ)

˛̨̨̨
˛̨
2

ZP(α)(k) contains angular information for the partial wave, P(α)

Specific example: MB → M′B′
dσ
dΩ

=
1

k2
MB

˛̨̨
TMM′MB′ ,MM MB (θ,W )

˛̨̨2
TMM′MB′ ,MM MB (θ,W ) =

X
JTLSL′S′

× 〈SM′SB′MM′MB′ |SM′SB′ ; S′M′〉〈S′[SM′SB′ ]L
′MS′ML′ |L′S′; JM〉Y ML′

L′ (k̂′)

× T JT
L′S′M′B′,LSMB(W )

×
r

2L + 1
4π

〈LS; JM|S[SM SB ]LMSML〉〈SM SB ; SM|SM SBMM MB〉,
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Resonance production

Photoproduction exhibits strong
resonance signature (bumps) in all
channels

Single meson production falls-off
Eγ ∼ 750 MeV,W ∼ 1500 MeV

Coupled-channel treatment absolute
necessity

Aside: energies
Eγ photon lab energy [experiment]
W total COM energy [calculations]

W = [m2
N + 2mNEγ ]1/2

≈ mN + Eγ −
E2
γ

4mN

Eγ =
W 2 −m2

N
2mN

= 1
2 (1 +

W
mN

)[W −mN ]
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Analytic structure of S
Bound states, resonances, & poles

Bound states: W < 0

ψ1(x) = eκx ψ2(x) = A
„

cos
sin

«
px ψ3(x) = ±e−κx

x < −a/2 −a/2 ≤ x ≤ a/2 a/2 < x

κ =
p
−2mW > 0,W ≤ 0

S(E)eipa =
1

cos pa− i
2

h
p
p + p

p

i
sin pa

Denominator zeros→bound states when W < 0

tan
pa
2

=
κ

p

tan
pa
2

= −
p
κ

p = iκ.

W=0


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Analytic structure of S
Bound states, resonances, & poles

Riemann surface

p =
√

2mW W ∈ C
√

W = |W |
1
2 eiθ/2

θ =

(
0 ≤ θ < 2π ‘upper’ sheet
2π ≤ θ < 4π ‘lower’ sheet

Disc p ≡ p(W + iε)− p(W − iε)

=
p

2m|W |[ei·0/2 − ei·2π/2] = 2
p

2m|W |

Riemann surface representation of the function
√

W.
The complex–W plane is horizontal. The vertical
axis gives the imaginary part of the function.
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Analytic structure of S
Bound states, resonances, & poles

S(E)eipa =
1

cos pa− i
2

h
p
p + p

p

i
sin pa

Denominator zeros on the second
sheet→resonances
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Analytic structure of S
Bound states, resonances, & poles

S(E)eipa =
1

cos pa− i
2

h
p
p + p

p

i
sin pa

T (E) = |S(W )|2 =
1

1 +
V 2

0
4E(E+V0)

sin2 pa

pa = nπ → En = n2 π2

2ma2
− V0

Denominator zeros on the second
sheet→resonances

0 100 200 300 400
W

0

0.2

0.4

0.6

0.8

1

P(
W

)
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Analytic structure of S
Bound states, resonances, & poles

S(E)eipa =
1

cos pa− i
2

h
p
p + p

p

i
sin pa

T (E) = |S(W )|2 =
1

1 +
V 2

0
4E(E+V0)

sin2 pa

pa = nπ → En = n2 π2

2ma2
− V0

Denominator zeros on the second
sheet→resonances
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Unitarity ↔ analytic structure

〈α|
˘

T + − T− = 2iT +ρT−
¯
|β〉 → T +

αβ − T−αβ = 2i
X
σ

T +
ασρσ(W )T−σβ

→ Im T (W ) = 2i
X
σ

T +
ασ(W )ρσ(W )T−σβ(W )

ρ
(2)
σ = θ(W − (mσ,1 + mσ,2))K2

ρ
(3)
σ = θ(W − (mσ,1 + mσ,2 + mσ,3))K3

...

ρ
(n)
σ = · · ·

‘Kinks’ due to Heaviside-θ
function, due to δ(E − H)

Non-analytic function? [Eden
(1952)]

Violation of Cauchy-Riemann
conditions→ branch points

W

-Tr [Im T-1] 

W(2) W(3) W(4)
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Unitarity ↔ analytic structure

〈α|
˘

T + − T− = 2iT +ρT−
¯
|β〉 → T +

αβ − T−αβ = 2i
X
σ

T +
ασρσ(W )T−σβ

→ Im T (W ) = 2i
X
σ

T +
ασ(W )ρσ(W )T−σβ(W )

ρ
(2)
σ = θ(W − (mσ,1 + mσ,2))K2

ρ
(3)
σ = θ(W − (mσ,1 + mσ,2 + mσ,3))K3

...

ρ
(n)
σ = · · ·

‘Kinks’ due to Heaviside-θ
function, due to δ(E − H)

Non-analytic function? [Eden
(1952)]

Violation of Cauchy-Riemann
conditions→ branch points

W

-Tr [Im T-1] 

W(2) W(3) W(4)
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Riemann-Hilbert
First blush

([G− − G+]V Φα,Ψ
+
β ) = (Φα,V †[G+ − G−]Ψ+

β ) HΨ+
β = EαΨ+

β

Plemelj Formula:

G± =
1

Eα − H ± iε

=
1

Eα − H
∓ i lim

ε→0+

ε

(Eα − H)2 + ε2

=
1

Eα − H
∓ iπδ(Eα − H)

G+

G-

E


[G+ − G−]Ψ+
β = −2πiδ(Eα − Eβ)Ψ+

β

→ Sαβ = δαβ + 2πiδ(Eα − Eβ)T +
αβ T +

αβ = −(Φα,V Ψ+
β )

The scattering amplitude is proportional to the discontinuity in G across the real
energy axis Eα: Disc G = G+ − G− = 2πiδ(Eα − H)

Plemelj formula⇒ imaginary part gives coupling to the continuum

Sectionally holomorphic function
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