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In this work, we apply, for the first time to spatially inhomogeneous flows, a recently
developed data-driven learning algorithm of Mori-Zwanzig (MZ) operators, which is based
on a generalized Koopman’s description of dynamical systems. The MZ formalism provides
a mathematically exact procedure for constructing non-Markovian reduced-order models of
resolved variables from high-dimensional dynamical systems, where the effects due to the
unresolved dynamics are captured in the memory kernel and orthogonal dynamics. The
algorithm developed in this work applies Mori’s linear projection operator and an SVD based
compression to the selection of the resolved variables (equivalently, a low rank approximation
of the two time covariance matrices). We show that this MZ decomposition not only identifies
the same spatio-temporal structures found by DMD, but it can also be used to extract spatio-
temporal structures of the hysteresis effects present in the memory kernels. We perform an
analysis of these structures in the context of a laminar-turbulent boundary-layer transition
flow over a flared cone at Mach 6, and show the dynamical relevance of the memory kernels.
Additionally, by including these memory terms learned in our data-driven MZ approach, we
show improvement in prediction accuracy over DMD at the same level of truncation and at
a similar computational cost. Furthermore, an analysis of the spatio-temporal structures of
the MZ operators shows identifiable structures associated with the nonlinear generation of the
so-called "hot" streaks on the surface of the flared cone, which have previously been observed
in experiments and direct numerical simulations.

I. Introduction
Data-driven reduced-order modeling (ROM) of complex dynamical systems is a rapidly evolving field which has the

potential to tackle notoriously challenging problems in engineering and the physical sciences. Many naturally occurring
phenomena, such as turbulent flows, can be characterized as high-dimensional nonlinear dynamical systems that exhibit
strong coupling across a broad range of scales. In contrast to simulating the dynamics over all the scales, as is done with
Direct Numerical Simulation (DNS), reduced-order models seek to describe the dynamics using a low-dimensional
space of variables, referred to as "resolved variables" or observables. ROMs can be used to simulate the dynamics at
substantially reduced computational costs as well as provide tractable frameworks for analyzing and understanding the
underlying physics.
Many techniques for obtaining reduced order models have been developed over the years for high dimensional

dynamical systems, such as those found in fluid dynamics applications [1]. In simulating turbulence, for example, directly
coarse-graining the Navier-Stokes equations can be done with large eddy simulation (LES) and Reynolds-Averaged
Navier-Stokes (RANS) [2] which reduce the number of scales that need to be resolved but come at the expense of
neglecting nonlinear dynamics that may play an important role in the transitional regime. For high-speed flows in
particular, this nonlinear transition regime can cover large parts of the geometry and, therefore, a data-driven ROM
also taking into account these stages is crucially needed in order to improve the tools for designing future hypersonic
vehicles. Driven by this need and the increased availability of high fidelity simulation and experimental data, many
promising data-driven model discovery techniques have emerged. One of the most common techniques in the fluid
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dynamics community involves extracting proper orthogonal decomposition (POD) modes from data, then projecting
the full governing equations onto the linear space spanned by POD modes (for example, via Galerkin projection to
obtain a ROM of temporal coefficients [3]). However, the Galerkin projection has several challenges, such as long-term
instability of ROMs [4, 5] and presence of spurious states in POD modes not corresponding to the true dynamics of the
flow [6, 7]. Recently, many new advances in ROM methods have emerged based on mixing machine learning with
physics informed approaches which are trained on the ground truth data, e.g. originating from high-fidelity DNS data
[8–12].
Dynamic Mode Decomposition (DMD) is another popular method developed in the fluid dynamics community

[13, 14] which is equation-free method, i.e. finding the temporal coefficients does not require projecting the modes onto
the governing equations. The DMD method provides an accurate decomposition of complex flows into spatio-temporal
coherent structures that can be used for short-time future-state prediction and control [13, 14]. Although both POD and
DMD are developed as reduced order models, they are most often used as diagnostic tools for the analysis of large scale
coherent structures [15].
In this manuscript, we utilize the Mori-Zwanzig approach, introduced in [16, 17], that generalizes the approximate

Koopmanian learning and shows better performance than DMD and extended DMD (EDMD). The Mori-Zwanzig
(MZ) formalism, developed in statistical mechanics nearly half a century ago to construct reduced-order models for
high-dimensional dynamical systems [18, 19], has recently been theoretically connected to the approximate Koopman
learning methods [16], when using Mori’s linear projector. The MZ formalism provides a mathematically exact
procedure for constructing non-Markovian reduced-order models of resolved variables from high-dimensional dynamical
systems, where the effects due to the unresolved dynamics are captured in the memory kernel and orthogonal dynamics
[16]. The Mori-Zwanzig formalism constructs equations describing the evolution of a set of measurable variables,
referred to as observables or resolved variables, similar to the Koopmanian description. This MZ formalism provides a
mathematically exact procedure for developing reduced-order models for high-dimensional systems, with the result
generally depending on its past history. The resulting formulation, referred to as the Generalized Langevin equation
(GLE), consists of a Markovian term, a memory term, and a noise term. The Mori–Zwanzig memory term quantifies
the interactions between the resolved and under-resolved dynamics, and is related to the noise term through the
fluctuation-disspation theorem. The memory effect depends on the choice of observables and the projection operator.
Up until recently, modeling turbulence with the MZ formalism has been extremely challenging due to the unknown
structure of the memory kernel, which is affected by the unresolved orthogonal dynamics [17, 20]. However with the
recent progress made in [16, 21], there are now data-driven methods to learn the Markovian and memory operators in
MZ [16, 21], with promising results already seen in stationary homogeneous isotropic turbulence [22]. In this work, we
demonstrate the improvement of these new methods over DMD when applied to the complex flow physics present in
laminar-turbulent boundary-layer transition in hypersonic boundary layers.
Understanding, predicting and controlling laminar-turbulent boundary-layer transition in hypersonic boundary layers

is crucial for the design and safe operation of next generation high-speed vehicles. Transition to turbulence leads to
significant increases in skin-friction (drag) and heat transfer and can result in the development of so-called "hot" streaks
that can locally far exceed the turbulent heat transfer values (see for example [23, 24]). Therefore, reliable estimates of
where transition occurs are vital for predicting aero-thermal loads, surface temperatures and drag during the design
stages of a high-speed vehicle. In addition, the development of flow control strategies to either delay or accelerate
transition to turbulence of high-speed boundary-layers requires reduced order modeling of the dominant mechanisms
leading to transition. Successful flow control strategies could substantially reduce skin friction drag and the weight of
the required thermal protection systems.
In this manuscript, we approach these challenging problems by extending the work by [16, 21, 22], and developing a

data-driven Mori-Zwanzig based ROM for a hypersonic laminar-turbulent boundary-layer transition flow on a flared
cone at Mach 6 and zero angle of attack [23, 25]. We use Mori’s linear projection and SVD based compression for
selecting observables (equivalently a low rank approximation of the two time covariance matrices as is done in DMD
[14], and can be interpreted as projecting onto the POD modes). This data-driven MZ algorithm provides higher-order
and memory-dependent corrections to the existing data-driven learning of the approximate Koopman operators using
DMD for a similar computational cost. With this framework, we show that the modes and spectrum obtained from DMD
are identical to the modes and spectrum of the Markovian operator of MZ. Furthermore, by including more memory
terms in the MZ framework, not only can this data-driven MZ formulation outperform DMD in future state prediction
for the hypersonic boundary-layer flow, these memory terms contain nontrivial large scale spatio-temporal structures of
the hysteresis effects relevant for the understanding of the transition mechanisms (as higher order corrections for DMD
truncation). Thus, we demonstrate that the data-driven MZ approach can serve as a way to understand the Markovian
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contributions within the linear framework, and offer insights into the hysteresis effects through the non-Markovian
structures of the flow, which are dynamically relevant within the transition region.

II. Koopman Operator and Dynamic Mode Decomposition
The main data-driven algorithm introduced in this work (see Appendix A) involves similar ideas and concepts used

in DMD and the Koopman description of dynamical systems. We give a brief overview of the Koopman operator
and the DMD method in order to set up some notations and concepts used later. The DMD procedure computes the
eigendecomposition of the best fit linear (and Markovian) operator 𝑨 that advances a set of observables 𝒈 forward in
time by the locally linear dynamical system ¤𝒈(𝑡) = 𝑨𝒈(𝑡) [14] and is used to approximate the modes of the Koopman
operator K (linear operator acting on infinite dimensional Hilbert space of observables). Similar to other modal
decomposition techniques, DMD is most often applied as a diagnostic tool providing physical insight into complex fluid
dynamical systems. Since the Koopman operator is linear, it can be characterized by its eigenvalues and eigenfunctions.
One advantage of DMD over a Galerkin projection onto POD modes is that DMD is purely data-driven and does not
require projecting the governing equations onto the linear subspace spanned by the modes, and instead gives a reduced
description of the best fit linear operator that describes the dynamics.
Consider a discrete time nonlinear autonomous dynamical system, 𝒙𝑛+1 = N(𝒙𝑛), where N is the flow map acting

on the states 𝒙. Then the discrete time Koopman operator K is an infinite dimensional linear operator acting on
observables 𝒈, which are functions of the state space variables: K𝒈 = 𝒈 ◦ 𝒙. Thus, the discrete time Koopman operator
defines a new discrete time linear dynamical system, albeit infinite dimensional, that governs the evolution of the
observables. When approximating the Koopman operator by a finite dimensional matrix, this essentially provides a
linear approximation of a nonlinear system without directly linearizing around a particular fixed point. Based on the
Koopman representation of dynamical systems, approximate learning methods, such as dynamic mode decomposition
(DMD) [13] and extended dynamic mode decomposition (EDMD) have been developed for data-driven modeling of
these systems [26]. Although the dynamics of the observables are always linearly dependent on other observables, to
derive a closed-form solution in the Koopman formulation requires the appropriate identification of a set of observables
so that the dynamics are invariant in a subspace which is linearly spanned by the set of observables. This last statement
becomes important in the next section, where the MZ approach closes the system by leveraging projection operators,
and was shown to be a generalization of the Koopman formulation [16].
Based on the approximate Koopmanian learning framework, one aims to construct the evolution of a set of

linearly independent observables. Since the Koopman operator is linear, it can be characterized by its eigenvalues and
eigenfunctions. Given the eigenfunctions, the observables can be expressed as a linear combination of a countably
infinite sum of the Koopman eigenfunctions (assuming a discrete spectrum). The DMD method approximates the modes
of the Koopman operator.

A. Basic DMD algorithm
The standard DMDprocedure produces a low rank eigendecomposition of 𝑨 that optimally fits themeasured trajectory

𝒙𝑘 in a least-squares sense, i.e. by minimizing | |𝒙𝑘+1 − 𝑨𝒙𝑘 | |2. Given the snapshot matrices 𝑿1 = [𝒙1, ..., 𝒙𝑚−1] and
𝑿2 = [𝒙2, ..., 𝒙𝑚], 𝑿2 ≈ 𝑨𝑿1 and the least squares solution is 𝑨 = 𝑿2𝑿

†
1 where † denotes Moore-Penrose pseudoinverse.

However, instead of solving for 𝑨 directly, as this would require massive amounts of memory for high-dimensional
systems, first a low rank approximation 𝑨̃ of 𝑨 is obtained by projecting onto a low rank subspace defined by POD
modes. The following method was shown by [27] to extract the eigenvectors and eigenvalues of 𝑨, albeit through the
low rank approximation 𝑨̃.

Step 1. Truncated SVD 𝑿1 ≈ 𝑼𝑟𝚺𝑟𝑽
∗
𝑟 provides low rank truncation (𝑟 is level of truncation)

Step 2. Project 𝑨 onto POD modes 𝑨̃ = 𝑼∗𝑟 𝑨𝑼𝑟 = 𝑼∗𝑟𝑿2𝑽𝑟𝚺−1
𝑟 (we use a similar idea in MZ algorithm 3)

Step 3. Compute eigendecomposition 𝑨̃𝑾 = 𝑾𝚺𝑟

Step 4. Eigenvectors are given by 𝚿 = 𝑿2𝑽𝑟𝚺−1
𝑟 𝑾.

The extended DMD [26], which is another approximate Koopman learning method, uses a general set of observables
𝑮1 = [𝒈1, ..., 𝒈𝑚−1], and 𝑮2 = [𝒈2, ..., 𝒈𝑚] in place of 𝑿1, and 𝑿2 and generally includes nonlinear polynomial terms
in the state variables 𝒙𝑘 . The goal here is to develop a set of observables that is rich enough so that the dynamics
are invariant in a subspace which is linearly spanned by the set of observables, in order to find an accurate finite rank
approximation of the Koopman operator. The two key takeaways here are the Koopmanian description of dynamical
systems, and the use of SVD for low rank approximations as both will be utilized in the next section.
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III. Data-Driven Mori-Zwanzig Formulation
In this section we give a brief overview of the mathematical formulation and data-driven learning procedure for an

MZ based ROM (see [16] for more detailed discussion and derivation). Y.T. Lin et al. [16] proposed a data-driven
learning framework for extracting MZ memory kernel and orthogonal dynamics from high-dimensional data under the
generalized Koopman formulation. By combining the Koopman description with the MZ formalism, one can perform a
dimensional reduction of the infinite dimensional Koopmanian linear formulation to a finite, low-dimensional dynamical
system with memory kernels and orthogonal dynamics. Since the observables evolve in a linear space, the learning
problem is convex, which simplifies learning the MZ operators. The final result is a closed dynamical system describing
the evolution of observables. However, one should note that the memory and orthogonal dynamics operators contain
contributions from the full space of observables. Nevertheless, the algorithms provided in [16] offer a computationally
feasible avenue for extracting these operators.
In contrast to decomposing the observables as an expansion about the Koopman eigenfunctions, the Mori–Zwanzig

formalism utilizes the inner product in the Hilbert space (of observables) to decompose the space into the subspace linearly
spanned by the set of observables,H𝒈 := 𝑆𝑝𝑎𝑛{M} and an orthogonal subspaceH𝒈̄ := {𝑔̄ ∈ F : ⟨𝑔̄, 𝑔𝑖⟩ = 0, 𝑔𝑖 ∈ M}
with a projection operator, whereM := {𝑔𝑖}𝑟𝑖=1.

A. Mori-Zwanzig Formalism
For the continuous case, consider the autonomous dynamical system evolving the physical variables or states 𝒙 of

the form
𝑑𝒙(𝑡)
𝑑𝑡

= 𝚽(𝒙(𝑡)), 𝒙(0) = 𝒙0, (1)

where 𝒙 ∈ R𝑁 , and𝚽 : R𝑁 → R𝑁 . Now define the set of observable functions 𝒈 : R𝑁 → R𝑟 of the state of the system
𝒙. These observables are potentially nonlinear and in general 𝑟 ≪ 𝑁 .
The MZ formulation results in the following generalized Langevin equation (GLE) describing the exact evolution of

resolved components given an initial condition 𝒙0

𝜕

𝜕𝑡
𝒈(𝒙0, 𝑡) = 𝑴 (𝒈(𝒙0, 𝑡)) −

∫ 𝑡

0
𝑲 (𝒈(𝒙0, 𝑡 − 𝑠), 𝑠)𝑑𝑠 + 𝑭(𝒙0, 𝑡), (2)

where 𝑴, 𝑲, and 𝑭 are the Markov, memory and orthogonal dynamics operators, respectively. Details on the
derivation can be found in [16]. The above equation is general for any projection operator which maps functions
of the full configuration to functions of only the resolved variables in the projected space. Using Mori’s linear
projection [18], whose projection operator is the functional projection that uses the equipped inner product in the
𝐿2 Hilbert space, results in a linear Markovian form 𝑴 (𝒈(𝒙0, 𝑡)) = 𝑴̂ · 𝒈(𝒙0, 𝑡), and a linear memory dependence
𝑲 (𝒈(𝒙0, 𝑡 − 𝑠), 𝑠) = 𝑲̂ (𝑠) · 𝒈(𝒙0, 𝑡 − 𝑠). 𝑴̂ ∈ R𝑟×𝑟 is termed as the Markovian transition matrix because it depends
only on the values of the variables at the current instant, and is identical to the best-fit 𝑨 in DMD. 𝑲̂ ∈ R𝑟×𝑟 is termed
as the memory kernel, which accounts for the "echo" of resolved observables 𝒈(𝑠) at an earlier time 𝑠 as they affect the
under-resolved variables which in turn affect the future evolution of the resolved variables. 𝑲̂ also accounts for how the
initial conditions of the orthogonal observables 𝒈M̄ propagate forward to affect the resolved variables. 𝑭 can be thought
of as a noise term, but is formally describing the orthogonal dynamics, which can be as difficult to solve as the full
dynamical system in the physical space. In this work, we assume that 𝑭 is a small residual term and negligible during
prediction, however, to further bolster this assumption, nonlinear projection operators by regression to minimize 𝑭 can
be explored in future work, similar to [21].
In the discrete-time Mori–Zwanzig formulation, Equation 1 is replaced with 𝒙𝑛+1 = N(𝒙𝑛), which is more suitable

for discrete-time data found from simulations or experiments, where time is discretized as 𝑡 = 𝑛Δ. The resulting
generalized Langevin equation (GLE) is

𝒈𝑛+1 = 𝛀(0)
Δ
· 𝒈𝑛 +

𝑛∑︁
𝑚=1

𝛀(𝑚)
Δ
· 𝒈𝑛−𝑚 +𝑾𝑛, (3)

where in practice 𝑘 < 𝑛 is the selected number of memory terms to be included (a truncation of the full memory in
GLE). Here, 𝒈(·, 𝑛Δ𝑡) = 𝒈𝑛, and 𝛀(𝑚)Δ

are the Δ-dependent, 𝑟 × 𝑟 matrices which are related to the Markovian and
memory terms above. For small Δ ≪ 1, the relations are the following 𝛀(0)

Δ
≈ 𝑰 + Δ𝑴̂ and 𝛀(𝑚)

Δ
≈ Δ2𝑲̂ (𝑚Δ) when

𝑚 > 0. The noise term 𝑾𝑛, describing the orthogonal dynamics, can be extracted from data once Markovian and

4

D
ow

nl
oa

de
d 

by
 D

an
ie

l L
iv

es
cu

 o
n 

Ja
nu

ar
y 

19
, 2

02
3 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
02

3-
16

24
 



memory kernels are learned. However in this work, we focus on learning Markovian and memory kernels and assume
the orthogonal dynamics are small during prediction and can be projected out to find the best approximation of the
dynamics 𝒈(𝑡) in the parallel space.
As with the main use of DMD as a diagnostic tool to understand the underlying physical process, we demonstrate in

this work that MZ can also be used to extract spatio-temporal coherent structures, of which the Markovian term captures
the DMD modes.

B. MZ Algorithm
The algorithm used in this work (see Appendix A) extends what is done in the discrete-time case [16] by using

an SVD based low rank approximation, similar to what is done in the DMD procedure, of the otherwise unwieldy
covariance matrices involved. Alternatively, this can be interpreted through the lens of SVD as a lossy data compression
which is essentially a linear auto-encoder [28] to select the most energetic observables.
Here, algorithm 1 and algorithm 3 are two different interpretations of the same procedure. Algorithm 1 interprets

the SVD as a linear auto-encoder, which is an automatic technique for selecting observables from data (as a lossy
data compression to avoid the intractable computations of 𝑿𝑘 · 𝑿𝑇

1 ) and algorithm 3 interprets this as a low rank
approximation of 𝑪𝑘 by projecting onto the POD modes (which is what is done in the standard DMD algorithm).

IV. Results
First, the algorithm was validated for incompressible flow around a 2D cylinder with 𝑅𝑒 = 100 (see Appendix B).

The Markovian modes and the spectrum obtained from MZ match the DMD modes and spectrum. Furthermore, the MZ
approach also successfully extracts the spatio-temporal coherent structures similar to what is found with DMD, as well
as the spatio-temporal structures of the memory effects (Appendix B). Next, we investigate the data-driven MZ approach
as a ROM for predicting and analyzing high-speed laminar–turbulent boundary-layer transition on a flared cone at
Mach 6 with zero angle of attack [23, 25]. We show that the memory terms play a significant role in the analysis of the
laminar-turbulent transition (Fig. 2), as well as increasing the accuracy of future state prediction over DMD (Fig. 5).

A. Hypersonic Boundary-Layer Transition
High-speed laminar–turbulent boundary-layer transition is very complex and remains an active research area in

fluid dynamics. As discussed in section I, the understanding of high-speed boundary-layer transition is necessary in
order to develop reliable transition prediction methods that can be used for the design and safe operation of advanced
high-speed vehicles. To the authors’ best knowledge, there have not yet been any studies using data-driven methods to
accurately extract MZ terms for studying hypersonic boundary-layer transition. Understanding the memory effects (see
Section III), however, may provide crucial understanding for developing reliable transition prediction models. In this
work we use high fidelity DNS data to investigate if the data-driven MZ formulation can be used to analyze and obtain a
detailed understanding of the dominant transition mechanisms, in particular the nonlinear stages.
We extract and analyze the coherent structures from the Markovian and memory terms from the data-driven MZ

formulation applied to data obtained from a DNS of hypersonic boundary layer transition on a flared cone at Mach 6,
where transition was initiated by random perturbations at the inflow of the computational domain ("natural" transition,
see Hader and Fasel [25]). For this DNS, all stages of the so-called path (schematically shown in Figure 1a) according to
the classification by Morkovin et al. [29] from the linear (primary) instability all the way to turbulence were considered
(see Figure 1b).
The unsteady wall pressure disturbance data obtained from DNS was used to extract the highest amplitude (and

highest energy) Markovian modes (see fig. 2). The location where the so-called "primary" streaks (see discussion in
Hader and Fasel [23] for details) appear and disappear in the time-averaged Stanton number contours on the surface of
the cone are marked with solid magenta lines in fig. 2. Mode 1 in fig. 2 (top) corresponds to the highest amplitude
term at 𝑓 = 300 kHz. This frequency is the dominant linear (primary) instability found in both DNS (Hader and
Fasel [25]) and experiments (Chynoweth et al. [30]). The amplitude contours of mode 1 (fig. 2) exhibit dominant
axisymmetric structures in the upstream portion of the close up in fig. 2 (top) which suggests that these structures
correspond to the dominant axisymmetric second mode waves. These axisymmetric structures begin to deform in
the azimuthal direction near the location where the "primary" streaks begin to appear (see fig. 2). The wavelength
of this modulation corresponds to the spacing of the "hot" streaks observed in the Stanton number contours (fig. 1c).
Therefore, the Markovian mode also appears to capture the dominant secondary instability, which in the case of the
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(a)
(b)

(c)

Fig. 1 Schematic of the transition stages (a), computational setup for the "natural" transition DNS using
random forcing (b), and time-averaged Stanton number (𝐶ℎ) contours on the surface of the cone (c).

flared cone, is a so-called fundamental breakdown where an axisymmetric large amplitude (primary) wave resonates
with a lower amplitude oblique (secondary) wave with the same frequency. The amplitude distribution for 𝑓 = 600 kHz,
first higher harmonic of the dominant primary instability, is plotted in fig. 2. The amplitude contours clearly show that
this higher harmonic is "activated" farther downstream compared to the primary wave with 300 kHz. This is consistent
with the understanding that this higher harmonic is nonlinearly generated by a self-interaction of the primary wave once
sufficiently large amplitudes are reached. Initially the higher harmonic is also dominated by axisymmetric structures
before an azimuthal modulation is again observed in the "primary" streak region (fig. 2). The azimuthal wavelength
corresponds again to the wavelength of the secondary wave undergoing the strongest resonance.
We see the MZ approach is able to extract nontrivial large scale spatio-temporal coherent structures of the Markovian

term and memory effects which exhibits structures reminiscent of the "hot" streaks that develop due to the fundamental
breakdown as observed in DNS Hader and Fasel [23, 25]. Furthermore, from Fig. 2 we see that the large scale structures
present in the memory terms, contain not only larger contributions from the turbulent region, but have nontrivial
contributions to the transition region with clear imprints of the oblique waves, known to play an important role in the
nonlinear generation of the "hot" streaks and ultimately transition to turbulence (see [23]). Additionally, an eigenvalue
analysis of MZ and DMD in Figs. 4 and 8, shows that these memory terms have nontrivial dynamical contributions as
seen from the spectrum of each memory term. Finally, we make future state predictions with MZ and compare the
relative error to DMD in Fig. 5, further demonstrating the dynamical relevance contained in the memory terms.
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Fig. 2 MZ modes on the flared cone. Mode 1 is the highest amplitude mode of the Markovian term Ω(0) , at
300𝑘ℎ𝑧, which contains both the primary and secondary instability. Mode 2 is the highest amplitude mode of the
Markovian term at the first higher harmonic (600𝑘ℎ𝑧). The memory modes 𝑘 = 1, 2, 6 are the highest amplitude
modes of the memory term Ω(𝑘) . These modes show a structure that is reminiscent of "hot" streaks that develop
due to a so-called fundamental breakdown as observed in DNS. Notice the memory terms contain structures with
larger amplitude present deeper into the turbulent region, and more complex structures within the transition
region.
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(a) Eigenvalues of DMD modes (b) Amplitude in DMD modes (c) Energy contained in DMD modes

Fig. 3 (a) DMD eigenvalues (b) Amplitudes, and (c) Energy.

(a) Markovian term eigenvalues (b) Ω(1) eigenvalues (c) Amplitude: modes of Ω(0)

(d) Amplitude: modes of Ω(1) (e) Energy: modes of Ω(0) (f) Energy: modes of Ω(1)

Fig. 4 (a, b) MZ Markovian and first memory term eigenvalues (c, d) Amplitudes of Markovian term and first
memory term (e,f) energy contained in Markovian modes and memory modes.
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(a) Generalization error

(b) Comparing pressure field of DNS (top) to MZ and DMD future state prediction (bottom) after 200 time steps

Fig. 5 (a) Generalization error on future state predictions of the full pressure disturbance field extracted on the
surface of the flared cone using Frobenius norm to compute the relative error over entire time frame. Comparing
DMD vs MZ with different number of memory terms. As 𝑟 (the number of SVD modes used) increases, we see
that the generalization error initially decreases, but then starts to increase. In this case, the number of time steps
used in forward state prediction is 250. We see that the relative error of MZ is a 5 to 15 percent improvement
over DMD future state prediction. (b) Plotting a snapshot of MZ and DMD future state predictions and the
difference of future state predictions with DNS of the pressure at the surface of the cone after 200 time steps
(at the same region as plotted in Fig. 2). MZ and DMD are nearly able to predict the DNS pressure field even
after 200 time steps (with 𝑟 = 210), although the DMD prediction has a larger error within the transition region,
especially as seen in the "hot" streaks (as seen in the error fields of the bottom two plots in (b)).
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V. Conclusions and Future work
In this manuscript, we have introduced a data-driven Mori-Zwanzig algorithm by using Mori’s linear projector, and

SVD based low rank approximation (equivalently projecting onto POD modes), and compared the results to DMD on
both 2D flow over a cylinder and the pressure disturbance signal extracted on the surface of a flared cone from a high
resolution 3D DNS of laminar-turbulent boundary-layer transition on a flared cone at Mach 6. With this framework, we
showed that the modes and spectrum obtained from DMD are identical to the modes and spectrum of the Markovian
operator of MZ. Additionally, by including more memory terms in the MZ framework, not only can this data-driven MZ
formulation outperform DMD in future state prediction, but can also serve as a diagnostic tool to extract nontrivial large
scale spatio-temporal structures of the memory effects. We showed that the memory terms play a significant role in the
analysis of the laminar-turbulent transition (Fig. 2), as well as increasing the accuracy of future state prediction over
DMD by up to 15% (Fig. 5). Thus, the data-driven MZ approach can serve as a way to understand both the Markovian
term (similar to DMD) and non-Markovian structures of the flow.
In the analysis of these coherent structures, it is the combination of both the Markovian and memory terms which

illuminate identifiable structures present in the primary and secondary transition mechanisms relevant for this hypersonic
flow. These structures, together with the spectrum and energy content contained in each mode, demonstrate the
nontrivial Memory terms that contain structures present in the mechanisms generating the "hot streaks" seen in the
flow. Furthermore, in addition to the Markovian modes that demonstrate the cascade from the low frequency from
the primary instabilities to higher harmonics, the memory terms demonstrate an inverse cascade. This indicates that
the memory terms improve the resolution in the transition region. We also showed that these memory terms contain
nontrivial contributions to the primary and secondary mechanisms.
There are many possible directions that future works can explore, such as investigating different selections of

observables, nonlinear projections using regression [21], extracting 3D coherent structures from volumetric data, and
analysis of the spectrum of the MZ operators in time-delay coordinates (Fig. 8). For example, how are the modes of the
memory terms interacting with the modes of the Markovian term? This will be a direction of our future study.
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A. Algorithms
In Algorithm 1 we first obtain the snapshot data as is done in POD and DMD but we also need to include some past

history for which the parameter 𝑘 is used.

Algorithm 1 Discrete MZ Algorithm: SVD based observables
1: Select the number of memory terms 𝑘 (typically 𝑘 ∼ 10)
2: Given snapshots of data: 𝑿 𝑓 𝑢𝑙𝑙 = [𝒙1, ..., 𝒙𝑚+𝑘]
3: 𝑿 𝑓 𝑢𝑙𝑙 ≈ 𝑼𝑟𝚺𝑟𝑽

∗
𝑟 Truncated SVD

4: Using SVD compressed observables (as linear autoencoder): i.e 𝑮 = 𝑼∗𝑟𝑿 𝑓 𝑢𝑙𝑙

5: Collect snapshots over 𝑘 time delays: 𝑮1 = [𝒈1, 𝒈2, ..., 𝒈𝑚], 𝑮2 = [𝒈2, 𝒈2, ..., 𝒈𝑚+1], ... 𝑮𝑘 = [𝒈𝑘 , 𝒈𝑘+1, ..., 𝒈𝑚+𝑘]
6: ——————————————————————————————–

7: 𝑪1 =
〈
𝒈(𝑡), 𝒈(𝑡)𝑇

〉
≈ 𝑮1 · 𝑮𝑇

1
8: for 𝑖 ← 2, ..., 𝑘 + 1 do
9: 𝑪𝑖 =

〈
𝑒 (𝑖Δ)L 𝒈(𝑡), 𝒈(𝑡)𝑇

〉
≈ 𝑮𝑖 · 𝑮𝑇

1
10: end for
11: 𝛀1 = 𝑪2 · 𝑪−1

1
12: for 𝑖 ← 2, ..., 𝑘 + 1 do
13: 𝛀𝑖 =

[
𝑪𝑖+1 −

∑𝑖−1
𝑙=1 𝛀𝑙 · 𝑪𝑖−𝑙+1

]
· 𝑪−1

1
14: end for

𝒈𝑛+1 =
∑𝑘−1

𝑙=1 𝛀𝑙𝒈𝑛−𝑙 + 0 Future prediction in reduced space
𝒙𝑛+1 = 𝑼𝑟 𝒈𝑛+1 Future state prediction in full state space

Extracting modes: 𝚽(𝑖) = 𝑼𝑟𝑾
(𝑖) , where 𝛀𝑖𝑾

(𝑖) = 𝑾 (𝑖)𝚲(𝑖) is eigendecomposition.

Algorithm 2 DMD Algorithm
1: Given snapshots of full state observables: 𝑿1 =

[𝒙1, 𝒙2, ..., 𝒙𝑚], 𝑿2 = [𝒙2, 𝒙2, ..., 𝒙𝑚+1] .
2: Low rank approximation 𝑿1 ≈ 𝑼𝑟𝚺𝑟𝑽

∗
𝑟

3: Project 𝑨 onto POD modes: 𝑨̃ = 𝑼∗𝑟 𝑨𝑼𝑟 =

𝑼∗𝑟𝑿2𝑽𝑟𝚺−1
𝑟

4: Compute eigendecomposition: 𝑨̃𝑾 = 𝑾𝚲
5: Eigenvectors of 𝑨 given by 𝚽 = 𝑿2𝑽𝑟𝚺−1

𝑟 𝑾
———————————————————-

DMD reconstruction
𝛀 = 𝑙𝑜𝑔(𝚲)/𝑑𝑡

𝒃 = 𝚽†𝒈1
𝒙̂(𝑡) = 𝒃 ∗ exp(𝛀 ∗ 𝑡)

Algorithm 3 Discrete MZ Algorithm: Low rank 𝑪
1: Given snapshots of data: 𝑿 𝑓 𝑢𝑙𝑙 = [𝒙1, ..., 𝒙𝑚+𝑘]
2: 𝑿 𝑓 𝑢𝑙𝑙 ≈ 𝑼𝑟𝚺𝑟𝑽

∗
𝑟 Truncated SVD

3: Collect snapshots over 𝑘 time delays:
4: 𝑿1 = [𝒙1, 𝒙2, ..., 𝒙𝑚], 𝑿2 = [𝒙2, 𝒙2, ..., 𝒙𝑚+1], ...

𝑿𝑘 = [𝒙𝑘 , 𝒙𝑘+1, ..., 𝒙𝑚+𝑛𝛿]
5: ——————————————————

6: Project 𝑪 onto POD modes 𝑪1 ≈ 𝑼∗𝑟𝑿1 · 𝑿𝑇
1 𝑼𝑟

7: for 𝑖 ← 2, ..., 𝑘 + 1 do
8: 𝑪𝑖 ≈ 𝑼∗𝑟𝑿𝑖 · 𝑿𝑇

1 𝑼𝑟

9: end for
10: 𝛀1 = 𝑪2 · 𝑪−1

1
11: for 𝑖 ← 2, ..., 𝑛Δ + 1 do
12: 𝛀𝑖 =

[
𝑪𝑖+1 −

∑𝑖−1
𝑙=1 𝛀𝑙 · 𝑪𝑖−𝑙+1

]
· 𝑪−1

1
13: end for

MZ approximate reconstruction
(orthogonal dynamics𝑾𝑛 = 0)

𝒈𝑛+1 =
∑𝑘−1

𝑙=1 𝛀𝑙𝒈𝑛−𝑙 + 0
𝒙𝑛+1 = 𝑼𝑟 𝒈𝑛+1

In Algorithm 3 and 1 are two different interpretations of the same procedure. Algorithm 1 interprets the SVD as a
linear auto-encoder as a automatic technique for selecting observables from data (as a lossy data compression to avoid
the intractable computations of 𝑪𝑖 = 𝑿𝑖 · 𝑿𝑇

1 ) and algorithm 3 interprets this as a low rank approximation of 𝑪𝑘 by
projecting onto the POD modes (which is what is done in the standard DMD algorithm) as can be seen in the side by
side comparison. This equivalence can be seen by replacing 𝑮𝑘 with𝑼∗𝑟𝑿𝑘 when computing 𝑪𝑘 .
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B. 2D flow over a cylinder
2D flow over a cylinder is a standard data set used to test modal analysis tools. In this case we use 𝑅𝑒 = 100,

resulting in vortex shedding (see [14] and references therein for data sets). In this context, it is used as a simple problem
to compare DMD vs MZ on their ability to serve as a modal analysis tool as well as a ROM. We demonstrate in Figure 6
that the modes of the Markovian term in MZ are nearly identical to that of the DMD modes. However, additional
information is gained through the non-trivial structure identified in the memory kernels which quantifies how the
unresolved variables, such the truncated modes and the other flow variables 𝑢, 𝑣, are effecting the resolved variables.
However, in this low Reynolds number flow, it is also observed that, the Markovian term is enough to represent the
flow, as seen in the memory terms, which although contain nontrivial spatial structures have relatively low dynamical
relevance to the flow as demonstrated with the spectrum and generalization error Figure 7. Furthermore, in Figure 7
we show the temporal dynamics of these modes are similar by comparing eigenvalues of 𝛀(0) and 𝑨 as well as the
spectrum.

(a) DMD Φ1 (b) DMD Φ2 (c) DMD Φ3

(d) MZ Φ
(0)
1 (e) MZ Φ

(0)
2 (f) MZ Φ

(0)
3

(g) MZ Φ
(1)
1 (h) MZ Φ

(1)
2 (i) MZ Φ

(1)
3

(j) MZ Φ
(2)
1 (k) MZ Φ

(2)
2 (l) MZ Φ

(2)
3

Fig. 6 MZ modes of Markovian, 1st and 2nd memory terms vs DMD modes for 2D flow over a cylinder ad the
structure of the first memory (where vorticity data was used). We see that the modes of the Markovian term and
DMD modes are identical and the 1st memory term has non-trivial structure (although nearly trivial temporal
relevance as seen below).
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(a) DMD: Eigenvalues (b) MZ Markovian term: Eigenvalues

(c) DMD: Spectrum (d) MZ Markovian term: Spectrum

(e) MZ and DMD generalization errors

Fig. 7 (a,b,c,d) Comparing Eigenvalues and amplitudes of modes from DMD and Markovian term shows
similar temporal dynamics. (e) Shows the generalization errors computed by measuring relative errors of future
state predictions of MZ and DMD models show that for this simple flow adding memory terms has a small but
non-trivial improvement (f) on future state predictions.
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A. Analysis of MZ operators for hypersonic flow
In this section we investigate and analyze the contributions from the MZ operators to the dynamics through the

companion matrix Ã. Using time-delay coordinates, the discrete time GLE can be written of the form g̃𝑛+1 = Ãg̃𝑛.
Where,

Ã =


𝛀(0) 𝛀(1) ... 𝛀(k)

Ir 0 ... 0
...

. . .
...

0 ... Ir 0


and the time-delay coordinates are

g̃𝑛 =


g𝑛

g𝑛−1
...

g𝑛−𝑘


.

Fig. 8 shows there is an interaction between the spectrum of the individual MZ operators in the long time dynamics
characterized by the companion form. This interaction is an investigation for future works.

(a) 𝐴̃ eigenvalues (b) 𝐴̃ eigenvalues: memory (c) Markovian term alone

Fig. 8 (a, b) 𝐴̃ eigenvalues which contains the contribution from the Markovian and memory terms. (c)
Eigenvalues of Markovian term alone.
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