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ABSTRACT

A scaling patch approach is used to investigate the proper scales in planar turbulent wakes. A proper scale for the mean axial flow is the well-
known maximum velocity deficit Uyef = Us, — Ugy, where Uy is the free stream velocity and Uy, is the mean axial velocity at the wake cen-
terline. From an admissible scaling of the mean continuity equation, a proper scale for the mean transverse flow is found as
Viet = (d0/dx)Uyer, where do/dx is the growth rate of the wake width. From an admissible scaling of the mean momentum equation, a
proper scale for the kinematic Reynolds shear stress is found as Ry ref = Ux Vief, Which is a mixed scale of the free stream velocity and the
mean transverse flow scale. Expressions are derived for the scaled mean transverse velocity and Reynolds shear stress in the far field of planar
turbulent wakes. Using a Gaussian function for the mean axial velocity deficit, approximate functions for the scaled mean transverse velocity
and Reynolds shear stress are developed and found to agree well with experimental and simulation data. This work reveals that the mean

transverse flow, despite its small magnitude, plays an important role in the scaling and understanding of the planar turbulent wake.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0097588

I. INTRODUCTION

Free-shear flows occur when there are no solid walls directly
within flow field, for example, jets, wakes, and mixing layers. Such
flows are encountered in a wide range of practical applications includ-
ing flying in the air, sailing in the ocean, combustion, propulsion,
atomization, and environmental flows. Better understanding of free-
shear turbulence is necessary to improve the design and operation of
many engineering devices. Due to its simple geometry and no wall
effects, turbulent free-shear flows are also of great theoretical interest
to gain insight into the fundamental properties of turbulent flows in
general. Turbulent free-shear flows have been studied for over a cen-
tury experimentally, theoretically, and numerically." *” The purpose of
this paper is to, using a relatively new scaling patch approach, deter-
mine the proper scaling of planar turbulent wakes. The configuration
of a planar wake, coordinate system, and notations is shown in Fig. 1.

Gough'' carried out a detailed study of flow over and behind a
flat plate using physical experiments and numerical simulations. Using
hot-wire, he measured mean flow and turbulence statistics in one
symmetric and one asymmetric wake. Using a flat splitter plate
with tapered trailing edge, Liu'* performed comprehensive studies of
wake flows under constant pressure, adverse pressure, and favorable

pressure gradients. The effect of streamwise pressure gradient is iso-
lated by the use of constant pressure gradients, combined with identi-
cal initial conditions. The flow field survey was conducted by using
both laser Doppler anemometry and hot-wire anemometry. The
experimental study was complemented by a self-similarity analysis,
and a new scaling has been proposed for the Reynolds stresses. ”'*
Hickey™ performed a direct simulation and theoretical study of sub-
and supersonic wakes, and investigated three distinct wake evolution
scenarios: the Kelvin—Helmholtz transition, the bypass transition in an
asymmetric wake, and the initially turbulent wake. Using a variety of
wake generators (including airfoil, cylinders, flat plate, screen, and
solid strip), Wygnanski, Champagne, and Marasli*’ studied the effects
of wake generator on the turbulent far wake. Nakayama’ measured
the mean and fluctuating velocities using pressure and hot-wire probes
in the attached boundary layer and wakes of two airfoil models at a
low Mach number. His results indicate that the flow around the con-
ventional airfoil is a minor perturbation of a symmetric flat-plate flow
with small wake curvature and weak viscous-inviscid interaction.
Despite decades of intensive research, a fundamental question
remains open in the study of turbulent wake flows: whether a “univer-
sal self-similar” state exists in the flow far away from its initiation.
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FIG. 1. Sketch of a planar wake flow initialized by a generic wake generator. x
denotes the axial direction aligned along the wake centerline, and y denotes the
transverse direction. U, is the free stream velocity, Uy is the mean axial velocity
at the wake centerline, and Us = U, — Uy is the velocity deficit at the wake cen-
terline. The wake half-width is commonly denoted as  or yq 5.

One hypothesis proposed by Townsend” is that free-shear flows
become “self-similar” at a sufficient downstream distance. Empirically,
the mean axial velocity deficit from different experiments and different
axial locations, when normalized as (Us, — U(x,))/(Uso — Ua(x)),
is observed to collapse onto a single curve; that is, the U deficit profiles
become self-similar. Given the direct connection among the mean
axial velocity, mean transverse velocity, and Reynolds shear stress in
the governing equations, one may assert that the mean transverse flow
and the mean Reynolds shear stress should also become self-similar in
the far field, if U profiles become self-similar.

Wygnanski, Champagne, and Marasli® observed that neither the
normalized Reynolds shear stress profiles Ry, /(Us, — Uq)” nor the
velocity variance profiles (ut) /(Uy, — Ug;)” from different wake gen-
erators collapse onto a single curve. These profiles have the same
shape, but the magnitudes depend on the initial conditions. The lack
of collapse among R,/ (U — Um)2 profiles is obviously not consis-
tent with the concept of self-similarity. To explain the findings of
Wygnanski et al.,” George” performed a similarity analysis and pro-
posed that there may exist a multiplicity of self-preserving states
instead of one universal self-similar state.

In traditional similarity analyses,” the mean continuity equa-
tion is usually integrated such that the mean transverse velocity does
not appear directly in the analysis process or the final results. In this
work, we apply a scaling patch approach to investigate the scaling
properties of planar turbulent wakes, and one goal is to determine a
proper scaling for the mean transverse flow. In Sec. II, the governing
equations for the mean flow are presented, and self-similar variables
are defined. Proper scales for the mean transverse flow and the
Reynolds shear stress are then determined by seeking admissible
scaling for the mean continuity equation and the mean momentum
equation. Analytical expressions for the mean transverse flow and

ARTICLE scitation.org/journal/phf

Il. SCALING PATCH ANALYSIS OF THE GOVERNING
EQUATIONS

This work considers incompressible, single phase flows. Free-
shear flows are “slender”; they spread slowly in the transversal direc-
tion.""” Therefore, PrandtI’s boundary layer equations have been used
to study turbulent free-shear flows. The mean continuity equation and
mean axial-momentum equation are" ">’

0 7(9_U+8_V (1a)
T ox oy’
2
0— ou V@U 0°U  ORy, (1b)

o Ty e Ty

Herein, x and y are the axial and transverse coordinates, respectively. v
is the kinematic viscosity. An upper case letter denotes a mean flow
variable, and a lower case letter denotes its fluctuation. For example, U
is the mean velocity in the axial direction, and u is the velocity fluctua-
tion in the axial direction. V' is the mean transverse velocity, and v is
the velocity fluctuation in the transverse direction. The kinematic
Reynolds shear stress is denoted as R, = —(uv), where angle brackets
() denote Reynolds averaging. Note that the pressure gradient term
and J({uu) — (vv))/Ox term are neglected in the mean momentum
equation, as they can be shown to be insignificant for this flow."'” The
corresponding boundary conditions for planar turbulent wakes are
listed in Table I.

In this paper, we apply a scaling patch analysis to investigate pla-
nar turbulent wakes. Scaling patch approach was originally developed
to explore the multi-layer scaling and structure of wall-bounded turbu-
lent flows,” ** and has been successfully applied to buoyancy-driven
convection,” and recently to planar turbulent jet”” and turbulent
plumes.”® Whereas some of the concepts and ideas in the scaling patch
approach are similar to previous scaling approaches, the logical train
of thought in the new approach is distinctly different.”*’

The objective of a scaling patch analysis is to reveal naturally the
relative magnitudes of different terms in an engineering equation.
Such an equation typically consists of the balance of more than two
terms. However, different terms do not contribute equally to the bal-
ance of the equation. The relative magnitudes of terms are not clear
when the equation is presented in a dimensional form. Through a sys-
tematic transformation of the dimensional equation into a dimension-
less form, the scaling patch approach is able to determine the proper
scales for the different terms in the equation. A key concept in the scal-
ing patch approach is the admissible scaling, which requires that the
scaled governing equations have at least two terms with a nominal
order of magnitude 1, and the scaled boundary conditions should also
be zero or nominal order of magnitude 1.

The first step in a scaling patch approach is to normalize the flow
variables by proper reference scales

def U — U(x,y)

U - Uref (x) ki (2)

TABLE I. Boundary conditions for planar turbulent wakes.

Reynolds shear stress are also obtained. In Sec. III, the analysis y=0 U= Uy, V=0, R, =0
results are compared with experimental data. Section I'V summarizes y=*o0 U= U, V=0, R, =0
the work.
Phys. Fluids 34, 065116 (2022); doi: 10.1063/5.0097588 34, 065116-2
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L def V(x,)
2 , 3
Vref(x) ( )
R, 2R, @)
Ruv,ref(x)

The reference scales Uper, Vief, and Ry, r will be determined in the
process of seeking an admissible scaling for the boundary conditions
and the mean continuity and momentum equations. Far away from
the wake generator, it has been observed that a proper length scale for
the variation in the transverse direction is the wake width, and the nor-
malized transverse distance is denoted as

df ¥y

56 ®)

where 0 is a measure of the wake width. To transform the governing
equations into the similarity variables, we first note that the derivatives
of n with respect to x and y are

on 1do
% s (62)
on 1
— == 6b
5= (6b)
Subsequently, the derivatives of U with respect to x is
ou AUses ., Uerdo dU*
Ty = 7
O dx 5 dx T dn 2
and the derivatives of U, V, and R, with respect to y are
1219) Uyer dU*
s dn (8a)
OV Vi dV*
—= 8b
Ay 6 dn’ (85)
aRuv RuvAref dR;,
= el P 8
ay 5 dn (8¢)

Substituting the self-similar variables and their derivatives, the
mean continuity equation and the mean momentum equation become

- dUref Uref do du* Vief E

0= * il 9
i s " an T dn (%a)
* Vref av* ¥ Uref du*
0 = (Un — Ut U287 4 (v
( )y T VeV
Ut U*  Ryprer dR’
- et el Py (9b)

& dn? o dn

The scaled boundary conditions are listed in Table II.
Based on the scaled boundary conditions in Table II, a natural
scale for the mean axial velocity deficit is Uyef = U, — Uy, because

TABLE Il. Scaled boundary conditions for planar turbulent wakes.

1’]:0 U*:UOO_ ctr V*:O, R:VZO
Uref ’
n=*oo U =0, V*=0, R, =0.

the rescaled boundary conditions at 7 = 0 will be U*|,_, = 1, and all
the other rescaled boundary conditions are 0. Next, proper scaling for
Viet and Ry, e is determined by seeking admissible scaling for the
mean continuity equation and the mean momentum equation.

A. Admissible scaling of the continuity equation

Multiplying 0/ Vit onto Eq. (9a) produces a dimensionless conti-
nuity equation as

0= _I: 0 dUref:| * [Uref d_5:| du* ﬁ

—_— 10
Vo dx Ve dx| T dn T dy (10)

Integrating Eq. (10) from # = 0 (wake centerline) to 7 = co and
applying boundary conditions yields

6 dUref Uref dé o
= — *dn. 11
0 (Vref dx + Vref dx) [ 0 v 1 ( )

As fooo U*dy is not zero, the integral constraint for the mean continu-
ity equation is then
0 AU U, dod - do 0 dUs

=0 -—=— . 12
Ve dx Vief dx or dx Ueer dx (12)

This integral constraint has been derived and used by previous
researchers, for example, Narasimha and Prabhu,”’ Moser et al,*
Liu,"” and George and Davidson.”’ Integrating the integral constraint
Eq. (12) yields

Uref (x)0(x) = const. (13)

Hence, to approach a self-similar state in the far wake, the product of
Uref (x)0(x) has to remain a constant. However, the integral constraint
does not dictate individually any specific functional form for 6(x) or

Uref (x)
Applying the integral result Eq. (12), the continuity Eq. (10) can
be rewritten as
Uref d6 . du* av
0= —| U . 14
|:Vrefdx:|( i d”)+ d'? ( )

For Eq. (14) to be an admissible scaling, a natural scale for the mean
transverse flow is

do d Uref

Vief = aUref or Vi =—9 dx (15)
and the dimensionless continuity equation becomes
o= (v + du* . av* (16)
- Tan ) an

Integrating Eq. (16) and applying boundary conditions produces a
solution for the mean transverse flow as

Vi =—-nU". (17)

Equation (17) indicates that if U* is self-similar (function of # only),
V* will be self-similar as well. Furthermore, as U* is bounded between
0 and 1, V* also varies between 0 and =O(1) (17 can be both positive
and negative), a good indication of natural scaling in the scaling patch
approach.?’z‘”"“J
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Next, the analysis is applied to the mean axial momentum equa-
tion to determine a proper scaling for R, and provide an analytical
solution for the scaled Reynolds shear stress.

B. Admissible scaling of the mean axial momentum
equation

Multiplying 0/(Us, Vyer) onto Eq. (9b) produces a dimensionless
mean momentum equation as

* * * 27 7%
0V (U] (edVS AU U] v d°U
d”] U% di’] d}’] Uoo 6 Vref d?’]z

|:Ruv‘ref :| dR:v

. (18)
Uso Vet d"
At a sufficient downstream distance in high Reynolds number turbulent
wake flows, the centerline velocity deficit is much smaller than the free
stream velocity, that is, Uyf = (Usxy — Uar) <K Uso. As a result, the sec-
ond term on the right of Eq. (18) is a high-order term and can be
neglected. The viscous term is also a high-order term due to the small
pre-factor of U/ Uy and v/ (0 Vit ). Thus, for Eq. (18) to be an admis-
sible scaling, a proper scale for the kinematic Reynolds shear stress is
do
Ryyref = Uso Viet = d_ Us Uref, (19)
X
and the mean momentum equation in the axial direction can be sim-
plified as
dv* n drR;,

= d_ﬂ iy (20)

Integrating Eq. (20) and applying boundary conditions produces a
solution to the Reynolds shear stress as

R, = —V* = qU*. (1)

Hence, the shapes of the scaled Reynolds shear stress and mean trans-
verse flow are the same, but with the opposite sign. The scaled
Reynolds shear stress R, is also self-similar and varies within the
range between 0 and =O(1).

The scale of (d0/dx) U, Uy had been used in the past to scale
the Reynolds shear stress, #2142 byt the direct connection
between the R,y v and Vier had not been established. Here, we show
explicitly that the proper scale for the Reynolds shear stress is a mixed
scale of Uy, and V.

I1l. COMPARISONS WITH EXPERIMENTAL DATA

In this section, the analytical results are compared with experi-
mental data. Figure 2 presents the experimental measurements of the
mean axial velocity deficit from several independent studies. The nor-
malized mean axial velocity deficit profiles shown in the figure can be

K . . . 413
approximated by a simple Gaussian function

U me ™, (22)

where a = In(2) ~ 0.693 arising from the definition of wake half-
width 6 as the location where U*(y =1) = 0.5. To better fit the
experimental data, in particular near the wake edge, Wygnanski et al.®
and Liu et al."® had proposed a slightly more complicated function

U (n) ~ 6(70'637’7270‘056’74). (23)

scitation.org/journal/phf
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FIG. 2. Mean axial velocity deficit and approximate functions of Egs. (222 and (23).
Experimental data are from Gough and Hancock'" (GH), Hickey,” Liu,"” Ong and
Wallace'” (OW), and Wygnanski et al.” (WCM).

A. Mean transverse velocity profiles

In experimental studies of wake flows, the mean transverse veloc-
ity measurement is rarely presented. Gough and Hancock'' measured
the mean transverse velocity in a relatively low Reynolds number wake
flow. As shown in Fig. 3(a), the mean transverse velocity profile of a
wake flow is anti-symmetric about the wake centerline, indicating that
ambient fluids move toward the wake core from the bottom and top.
From Eq. (17), the mean transverse velocity can be approximated as

V() e O (24a)
V*(i’]) ~ —176(70'637'7270‘056,74). (24b)

The approximation equations for V* exhibit a peak and a trough
within the wake. The locations of the peak and trough can be found by
solving dV*/dn = 0. The peak transverse velocity location and value
are

N~ *1/4/2In(2) = *0.85, (25a)

V¥, & 0.515. (25b)

Figure 3(a) shows that the approximate Eq. (24a) or Eq. (24b)
capture well the shape of the measured mean transverse velocity. The
peak and trough locations in the experimental data shown in Fig. 3(a)
agree well with the analytical approximation; there is scatter between
the peak value and the analytical result of [V*| .. = 0.515. The scatter
can be attributed to (1) uncertainty in the measurements of V and (2)
uncertainty in the calculation of Vi = Uyt dd/dx. There is uncer-
tainty in the determination of the wake width ¢, and uncertainty in the
calculation of dd/dx using simple finite difference.

The analytical result for V is only valid in the far wake for
(Us — Uetr)/Uso < 1, as “self-similarity” assumption is used to
obtain the continuity equation in the form of Eq. (9a) or Eq. (10).
Figure 3(b) shows that |V| . / Vi asymptotically approaches to the
analytical result of 0.515 when (U, — Uy)/Us becomes smaller
than 0.2, which occurs in the far field of the wake. As shown in Liu
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FIG. 3. (a) Mean transverse velocity and approximate functions of Egs. (24a) and (24b). (b) Maximum mean transverse velocity normalized by Vit = Unrdd/dx vs

(Use — Ugy)/Us.. Data of Gough and Hancock'" (GH).

et al.,'"® when scaled by d¢5 and Uy, — Uy, the mean velocity defect
profiles in planar turbulent wakes under zero pressure gradient,
adverse pressure gradient, or favorable pressure gradient all collapse
onto a “universal” shape for x/6, > 40. Here, 0, is the initial wake
momentum thickness. Thus x/0y & 40 can be viewed as the bound of
the far wake. For (Uy, — Ux)/Usx > 0.2, Fig. 3(b) shows that
| V| pax/ Vrer is smaller than 0.515, indicating that the reference velocity
scale valid in the self-similar region Vi = U,sdd/dx overestimates
the mean transverse velocity flow in the near-wake region. The scatter
in Fig. 3(b) is mainly attributed to the uncertainties mentioned above.

B. Reynolds shear stress profiles

Using a Gaussian function for U*, the analytical Eq. (21) for the
scaled Reynolds shear stress can be approximated as

_ 2
R, () ~ 1”0, (262)
2
RZV(I’]) ~n 6(7063717 70.056;74). (26b)
a
@ 0.8
O  GH (x=0.52m)
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= 040 & nNxe=3) u
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The approximation functions for R}, also exhibit a peak and a trough
within the wake. The location and value of the peak and trough of the
scaled Reynolds shear stress profile are also 1 = *0.85 and
IR%, |~ 0.515.

Figure 4(a) shows that the approximate equations capture the
experimental measurements of the Reynolds shear stress reasonably
well. The peak and trough locations of the Reynolds shear stress pro-
files agree well with the analytical result, but there is scattering in the
peak and trough values.

Figure 4(b) shows that, far from the wake generator or
(Uso — Uatr)/Uso $0.2, Uy Vet is a proper scale for the Reynolds
shear stress as its maximum value scaled by this reference scale asymp-
totically approach a constant around 0.515, which is of a nominal
order 1 as required by the admissible scaling. For (Uy, — U )/Ux
> 0.2, |Ruy|ppax/(Uso Vier) is smaller than 0.515, indicating that
Us Vet overpredicts the Reynolds shear stress in the near-wake region
and is not an appropriate scale when the wake flow has not reached a
self-similar state.

(Uoo - Uctr)/Uoo

FIG. 4. (a) Reynolds shear stress and approximate functions from Egs. (26a) and (26b). (b) Maximum Reynolds shear stress normalized by Uy Viet VS (Uso — Uetr) /Uso.

Data of Gough and Hancock'' (GH), data of Liu"® (L), and data of Nakayama™ (N).
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FIG. 5. Distribution of terms in the mean momentum equation. Turbulence force
(per unit volume) is the Reynolds shear stress gradient Fy, = dR;;, /dn. Advective
force is Fagve = dV*/di + (Use — Ustr) /Uso (—U*dV* /dy + V*dU* /dn).

C. Characteristic of force balance in planar turbulent
wakes

Using the approximate functions for U*, V*, and R}, in the self-
similar regions, the terms in the mean momentum Eq. (18) are calcu-
lated and plotted in Fig. 5. Far away from the wake generator, the
momentum equation is balanced by two forces: advective force and
turbulent force (gradient of Reynolds shear stress), while the viscous
force or the term of OR,,/Ox is negligible. Near the wake core, the
Reynolds shear stress gradient is positive (a driving force) and the
advective force is negative (a drag force). Away from the wake core,
Reynolds shear stress gradient becomes negative (or a drag force), and
the advective force becomes a driving force of the wake flow.

The advective force can be decomposed as Fage = dV*/dn
+(Us — Uar)/Uso (=U*dV*/dy + V*dU* /dn). The dominant
contribution to the advective force is the term of dV*/dy, because the
other terms have a pre-factor of (Uy, — Uu)/Us, which is small in
the far wake. In Fig. 5, (Us, — Uerr)/ U is set as 0.1 for the illustration
purpose. At smaller (Us, — Uy )/Us in the far wake, the contribu-
tion of (Uy, — Uey)/Uso (—U*dV*/diy + V*dU* /dn) is smaller than
that in the figure. In the near-wake region where Uy, — Uy is not
much smaller than U, the flow has not reached a self-similar state
and the contributions of different terms in the mean momentum
equation are more complicated than that sketched in Fig. 5. Moreover,
the relative contributions of different forces vary in the axial direction
in the near-wake region.

IV. CONCLUSIONS

A relatively new scaling patch approach is used in this work to
investigate the scaling properties of planar turbulent wakes. By seeking
an admissible scaling for the mean continuity equation, a proper scale
for the mean transverse flow is found as Vi = (d0/dx)U,. From an
admissible scaling of the mean momentum equation, a proper scale
for the kinematic Reynolds shear stress is found as Ry, ref = Uso Vief,
which is a mixed scale of Uy, and V. In the far wake region, an ana-
Iytical equation is derived for the scaled mean transverse flow as

scitation.org/journal/phf

TABLE . Summary of planar turbulent wakes far from the wake generator
(Uoo - Uctr < Uoc)

Mean axial velocity scale Uret = U — Uctr

Mean transverse velocity scale do
Viet = Urer a

Reynolds shear stress scale Ruvret = Uso Vier
Admissible scaling of . du* av*
continuit i O0=—{U +n +

y equation dn dn
Admissible scaling of 0= av: n dr;,
momentum equation Tdn ' dn

Analytical equation for V* —0.693n

Analytical equation for R},

V¥ =—nU" = —ne
RZV — nU* ~ 1/"270693172

V* = —nU*, and analytical equation for the scaled Reynolds shear
stress as R, = nU”*. Using a Gaussian function for U*, approximate
functions for V* and R}, are presented and are found to agree well
with experimental data. The main results of this work are summarized
in Table III.

Proper scaling of turbulent flow variables is important in present-
ing and evaluating experimental/numerical data. More importantly,
proper scaling is essential in understanding the underlying physics
and developing turbulence models. In this work, we reveal that proper
scaling lies at the root of a fundamental question in turbulent wake
flows whether a universal self-similar state exists in the fields far from
its initiation. By applying proper scalings to the flow variables, the
mean axial flow, the mean transverse flow, and the Reynolds shear
stress do approach a self-similar state in the far field of planar turbu-
lent wakes.

Although some of the relations have been found in the past, this
work uses a systematic approach to derive the scaling properties in pla-
nar turbulent wakes. One key finding is the important role of the
mean transverse flow in the understanding and scaling of turbulent
wake flows.
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