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Abstract

When the available CT projection data are incomplete, there exists a null space in the
spuce of possible reconstructions about which the data provide no information. Determin-
istic CT reconstructions are impotent in regard to this null space. Furthermore, it is
shown that consistency conditions based on projection moments do not provide the missing
projections., When the projection data consist of a set of parallel projections that doc not
encompass a complete 180" rotatiun, the null space corresponds *o 3 missing sector in the
Fourier transform of the original 2-D function. The long-range streak artifacts created by
the missing scecter can be reduced by attenuating the Fourier transform of the reconstruction
smoothly to zero at the sector boundary. It is shown that the Fourier transform of a re-
construction obtained under a maximum entropy constraint is nearly zero in the missing
scctor.  llence, maximum entropy does not overcome the basic lack of information. It is sug-
gested that some portion of the null space might be filled in by usce of a priori knnwledae
of the type of imadge expected.

Introduction

The problem of CT reconstruction from a limited number of projections that do not en-
compass a comnlece 1807 rotation continues to be an important one. There are a number of
applications in which only limited angular data are available. Examples in 2-D include
gaced heart studies! and suitcases travelling on conveyor beles,” In 3-D, limited data
arisc in seven pinhole camera! and rotating slant-hole collimator® studies in nuclear medi-
cine. Practica'ity or expense is usually the principal reason for having a limited numboer
of projections. Contrary to what several authors have stated, a reduced numnber of projec-
tions does not accessarilv reduce patient dose since the detectability of lesions is re-
lated to the total number of detected gquenta and hence che dose.”

In this paper we will first consider the limitations imposcd upon determonistic recon-
struction algorithms by an incomplete anqular range of projection measurements,  The nature
of the types of artifacts produced by missinga projections will be demonstrated and a mothod
for reducing their influence presented.  The anefulness of consisteney conditions and other
constraints an supplying missing projections will be discussed. A maximum entropy recon-
struction will be shown to suffer from the expected limitations,  The use of a priori know-
ledge about the type of reconstruction e¢pected will bhe considered in clogsinag,

Propertices of deterministic solutions

We consin ler acal, two-Jimensional functn o ns of Limited spatial oxtont £1{x,y). The 1'th
projyection of this function s defined asg

I, AR IS BN ST RENG o

where o s o nenne aatiye respense tunctyen that Jdefanes how much the valae of foat oach
point contributes to the 1'th projection. Typacally hy e Tay e valaes tn a narrow ntrap
Caat eresaes the sabwat o Towibth smal ]l s e values ontarde the straipe The andex
rangeys over all of the projection measuremonts availables Typreally the meamp ononty are
apsumed to e ordesed go that 1 f there are N measuarements made for sach view amnd M viewn,
the frrat view corresponds to o 1,0, o 0o, the second viow tao 1 - Nil, ., .,2N, otc, It an
important to realise that out of the space of all aceeptable functione £(x,y), the finite
net of pedponme tunctions b ocanoonly gpan a0 sabspace called the measorement apace M. There
will in general be a sub-apace orthogonal to o called the null anoace ¥ duach that it 10 be-
longw to N,

! hl(.\(,',')! (x,y)dxdy 0 ()

fonr all . Tt s clear that a1 o solution s found that satisties the measarementn, Eq. 1,
any function f frem the null apace may beoadded to ot and st watisty the meanuremont s,
The measnrenent:s provide no anformation an redand to how (o specity any ol the funetionn
Lelonging tao N, In other wordns, the nocdutiton o ambiguous with tedpect to the null vpace,
Ghont e that can appear from the null space af o finite 2et of project ion measuroment s have
been atudl <1 by Loura. "
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Because the L. span the measurement space, it is always possible to represent a
deterministic solution to Eq. 1 as

f(x,y) = X a;h (x,y) (3)
i
This is the same form introduced by Buonocorec, Brody and Macovski’ for the purposc of fa-
cilitating faster reconstruction algorithms.? It is important to realize that sclutions
of the form of Eq. 3 do not admit any contribuvtion from the null space. It is noted that
Eq. 3 amounts to the backprojection process applied to aj coefficients. Thuas the filterc.-
backprojection? and ART!? algorithms result in reconstruction of this form.

Substitution of Eg. 3 into Eq. 1 yields

where

(%)
~—

gij = Ir hi(x.y)hj(x.v)dxdy ' (

is called the qgramian of the response functions. Equation 4 may be written in matrix nota-
tion as

P = GA (6)
and the solution for the a.l's and hence f via Fy. 3 is
A= Glp (7)

provided the gramian is nonsingular, This is the same as the fast minimum variance esti-
mator presented by Buonocore et al.”

It is intleresting to consider the eigenvectors of the gramian G, This lcecads to ar ex-
pansion for  in terms of orthogonal functions that are linear combinations of the h, . -
Because G is positive=definite and symmetric, its cigenvaluces are real and nonnegative. Lt
is casily shown that in the proscence of noisy measurements, the coefficients in Lhe expan-
gsion hecome more difficult to determine as the corrvesponding etgenvalues decrease.  The
condition number of G, defined as the ratio Hf the maximum cigenvalue to the minimum cigen-
value. indicates the degree ta which the solution iy ill=conditioned. When the condition
number becomes very large or infiatte (G dingalar), solution may be had by adapt ing a con-
strained least-squared approach!! or through (ne use of the pseudoinverse.”  The cigenvalue
map, where the gramian cigernvaluces are ordered aceording to decrvasing value, can provide
an cdtimate of the number of independent degrees ob froedem eontaimed in the measguroment s
(L. 1), In the cane of a amal] number of widely=-spaced projections, the number of degreen
of “reodor will not be much smaller than the number of meadurement s sinee the roconstoae-
tiar in underdetermined.,

Nature of aartatacts in parallel projoection geomet ry

A ojpreat simplification in the visualization of the ¢ probiem ceemn in the case of
parallel projections, that s, when the pesponse funetiong g associatod with ocach view are
parallel gteipss Thaa sampliticatcon arrges bocawss ot the projection-slice theorem™ !
which states that the 1+ Fouwrre transtepm ot oa parallel projection ot 10, y) 16 egqual to
the 2-D Fouricr transfoim of f vlong o apoke through the zerosfrequency origin oricent od
porpendiculagly to the progjection directton, We willl ignme the shight deviationn trom
thin fdealization that arase trom the tintte wadth and Tength of the by oag o well as tiom the
digerete nature ot the meanurements. Then we may think of cach project ion ad o meacoar ement
of the FPourter trantform of 1 (x,y) alopng the conrenponding apoke.s The measuroment  apace
corvenponds to the ennenble of apoken in the =D oapatial ftreguency plane asnociated with
the tinite number ol views, Thee null gpace carresponds to the temuaning sectors,  When the
avallabloe meanurements Jdo not oanelade ao o grven range of angloen, there will b g ocop e -
ppond tng "mizsising secton ™ an Fourier space ton which theaoe g noointormatvon,

Boecaune determimatie recopstiuction algoritheg e only the measarement apace as o
batan, ooy, b b, the pesulting recopnsternet ton: eanent bally asmume oo moddu b for the
Fourrter trangstform of L oin the misning snectarn, In gqencral, the oriqgqipal tunction will net
have 2ono modulun there, po the reconastiaction will poasends ot tacta hecaane ot the
misning fnector,



sS4y

The type of artifacts to be expected may be demonstrateq by way of a sinple tech-
nique.!® Figure 1 shows a phantom that was used by Inouye.'5 This Zmage was filterad
using a filter that is unity everywhere except in a 45° sector in which its value is zero,
Fig. 2a. The result, Fig. 3a, shows the artifacts that would result from a deterministic
reconstruction from a large number of parallel projections encompassing 13Z” rotation. Two
effects are observed; a blurring in the direction perpendicular to the missing proje-tion
directions, and a fan-shaped streak arcifact emanating from these blurred regions that cov-
ers the sectecr of missing projections. These artifacts have been observed many times be-
fore.",!%,1",''" fThe annoying sharp-edged nature of the streaks may be elininated by modi-
fying the response of the filter so that it is smoothly tapered to zero at the missing
sector houndary, Fig. 3b. This apodization also causes a slight increase in the blur al-
ready present in Fig. 3a. In Fig. 3c it is seen that the artifacts are greatly reduced if
the proper low-frequency components are included in the missing sector.

Consistency and other constraints

We have scen that deterministic reconstructions from projection with limited angular
coverage leads to objectionable artifacts because of the lack of contribution from the null
space so as to reduce the artifacts in the reconstruction. We will consider a number of
possible approaches.

One seemingly powr_-rful asproach to filling in missing views is the use of consistency

required of the projections. Conhisistency is normally based on the moments of the projec-
tions, the n'th moment of the j'th projected defined for parallel projections as

= ) xp (8)

1LJ
where X, is the distance of the u:nlor of hy from the center of rotation and the sum is
ovoer uniy i's corresponding to the j3'th projection. It i3 casy to show that
n n :, m-r, n
M. 'a:ff(.\',‘,) (x cos, +y sj.nu.) dxdy = L L cos 'n.ain v, (9)
J 1 ) m-o0 ™ J ]
where oo is the angle of the j'th projeciion. Tis relarion is an approximation only be-

causoe ()} the Finite width of the response functions h; and the diserete nature of the pro-
jections.  Given a set of M projoctions covering a u-xl.ln‘ limited range of angles, it is

natural to consider obtaining the by, cocfficients up to n - M-1. M-1 momonts are deter-
minced tor all angles amdl the projec tions at missing anales may be estimatoed. [t has been
shown by Pores’™" in an -xplull cxample that this method doces not recover 81 ructure that
would anly Le soon by wmissine views.  Reconstructions based on the same approach by Louis®’
also show the oxpectoed .\rli:'.n.'l.-:. The roanon for *hese faitlures can be seen if the recon-
struction estimate £ (Fqg. 3) is substitute:d into Eg. 9. The same angular dependence for M

is obtiined even though f does not contean any contribut.on from *he null ypace . Thut, we
soc that i1 satistics the projection measarements, Fg. 1, the above procedure simply
provides projections at other angles that are consistent with the measurement space solu-
tion. No new information concerniag the null apace in obtained,

Another approach to filling in the migsing views s to exploit the analyticlty of the
Fourtoer transtarm of , Flu,v).  Mis oanalytieaty agmores g that we may oxprogs Fla,vd oas
an o intinite power Seodies bnonoaned e T thas could be done an practres, ot would be pos-
Mihle to determine Fla,v) througbhoat the u,v blane, tUntartunately, the sericos muat be
terminated sapnes anly a0 fintte pumber ol measiiement oare avai labile, Furthermore, the
measnrement oo e alwaya subpeet to notse, which oxperience has taaadht un on desagt roun to,
any wnterpaolatron o extrapoerat cor aeheme, Noneth Tess, Tnooye has attempted toointoerpo-
late the Fourior tranntorme of the projections of Fig, 1 taken over o limited angular ranqge
to tecover the missipg viewsn. '™ His results Tor noiselens projection Jdatay are not very on-
countmping. However, he showed that reasonably acewrate estimate: ol the migaing Fourier
amplituden could he obtadned tor low radial Trequencies. Thun, 1t may be ponsible that g f
thee contiitmcionts at trequencies well within the missing nector ae attonuated, asn with the
Tilter in Page ey v reasonable cesult, simmlar to g Ye, could by obtayned.

Yot o thied appaoach to obtaining o seatonable recconatractron in the tace of minning
viewn ix to place a global constraint on t. For oexample, it C01) v onome function ot o, we
might require that 1 he choden to minimi ze

Sot ) dsady . (10)



To do this we look for the minimum of the Lagrangian
fc(f(x,y))dxdy - § A [pi - [r, (x,y) £(x,y)dxdy (1)

Set! ‘ng the derivative of this with respect to 1; to zero simply yields the measuremunt
equa -ons, Eqg. 1. More to the point, differentiation with respect to £ leads to

CHUE) = X il (k) (12)

- i

i
The importance of this is that it fixes the form of the reconstruction. The '; are to be
determined so tha; the measurement cquations are satisfied. One particular choice for CI(f)
is the norm of £, f +. It is immediately seen that Eq. 12 then bhecomes the same as Lq. 3.
The expansion of in terms of the response functions is the minirium norm solution! No
contribution from the null space is forthcoming.

Many other rcasonablc chouices for C(E) are possible. For cxample, because onc of the
objectionable features of the artifacts in Fig. 3a are the streaks, 1t might be reasonable
to chonse C(f) in such a way as to maximize the smoothness of the reconstruction. Thus
one might use the norm of the gradient of f,

() (r)
X 'y 4
or the laplacian,

N SN 4

ax 1%
Another choice that leads to global smoothness is the entropy, C(f) - f.o0.  From lqg. 12,
the maximum entropy solution has Lhe form

enf - 3, v.h -1 (1)
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A maximum entropy reconstruction alqgorithm MENT bascd on this approach was derived by
Minerbo for the casc whare the hy arce nonoverlapping strips. Then the reconsoruction
takes the form of a product of factors. one factor ftor cach projection measurement . This
follows from Iig. 11,

The MENT algqorithm was used to obtain a reconstruction of the phantom shown in IMig. 1.
Twen!y parallel projections of the phantom were taken with 9 spacing.  Each projection
consisted of 101 samples acroig the width of the phantom.  The reconstruction, PFig. 4, i
a reasonable approximation to the original imaage but with atreak artifacts arisine from the
ahars. oliog bhocanse of the Limited number of viewn,  Fiagure S5a shows the MENT roceonstrue-
Lien when only the first 1S views are uaseds The exclusion of the 4% raagqe of angles re-
sults in artifacts similar o those in Firgo da. The moduluaa of the Fourie! transform of
this imae, Yia. %h, shows that the MENT alagorithm ha: Litt e contribution in the minsing
gty cdosprte Che fact that MENT 15 o nonlinear aleoratnm, However, Che tarbave of MENT
to avereome the Limitation:g of the measuroment space 15 not o aurprisaag oan bagnt oot Lyg. 1Y,
which say s that the logarithm ol tivee MET yeconstiuact oo rn o conbined to Che moeasbur ey
STulcre,

Multiplicative ART (MART) in known to tend towards a maximum entropy solution. ! 1§
would prepumably produce a reconstraction with deficiencies similar to those of MENT™.  MARTD
also sufforn from errvor: produced by the "uannatural™ nquare pixel reprogentation in the ray
aum and multaplicative backprojection brocesses necessary tor its mplementat von.,

A Priori Knowlesdoe

Bocaunse the problem of reconatruction from o a Limsted panae of g les does not apoeat
to be solvable fn terms of determiniat ie method: Cogqether with auxa biary consitr vantn, we
aroe led to condtder probabrbrat te methods, These are baaed on W prior i knowledae ot what
are the most probable distribat vones tor f(x,y) . Faor example, an o antormed observer would
probably  judae Mig. W to be "wrong™ on the b ool hin o paanl exper ieneoe., Tmavren junt
don't look like that, Neverthelens, Prge ba osoa bonad de amaage taken trom the space of
all posmable f(x,y). Sogejection of thid acconstraetton might not he correct . We nees
that a ot knowlodge car bee mualewd ing,
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One type of a priori knowledge might be that the image im a collection of specific
shapes. For example, we might know that the image is a superposition of circular discs,
as Fig. 1. Then the reconstruction could be expanded in termsa of those shapes and the vari-
able shape parameters and amplitudes determined from the projection measurements. Figure 1
could obviously be exactly reconstructed from two noiseless projections (since all the
circles are of different size). If the actual image doea not conform to the assumed expan-
sion, however, severe artifacts will be generated. These artifacts would be reduced if a
connection based upon the residuals between the projections of the fitted distribution and
the actual measurements were applied. Th*s connection reconstruction would clearly only
affect the measurament space contribution to the fitted distribution.

Another type of a priori knowledge might be that the reconstruction is a sample from a
well-defined ensemble of imag2s. Reconstruction could then be based u?on optimization of
an ensemble statistic, for example, maximum a posteriori probability. Alterratively, a
finite Karhuncn-Loeve expansion ¢’ could be performed as the first step uvf the procedure out-
lined in the preccding paragraph. These approaches might work well in situations where the
images can be typifled by a small number of parameters, c¢.g., seven pinhole images of the
heart,! but would be difficult to apply to complex images, e.g., x~ray CT scans of the head.

A priori knowledge may exist about the permissible range of values for the function
f£(x,y). The positivity constraint, f(x,y) 2 0 is well known, but its usefulness in medical
applications is doubtful. An interesting variaticn ls when fix,y) is known to have a given
region of support, i.c., f(x,y) = 0 outside of a given region. 1In such a case, it has been
shown that a modified Gerchberq-Papoulxs algorlthm can significantly reduce the artifacts
crcated by a limited range of viewing angles,!“,- '--* This technique definitely produces a
contribution from the null space and hence 1s worth pursuing. It has yet to be shown how
well the technique works in realistic situations where the measurements are subject to noise,
and the region of support is larqge. Furthermore, the artifacts created by the assumption
that f£(x,y) is zero wnere it may actually not bhe, nced to be explored
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Figqure 1o The phantom azed an G st bens .
Talen trom Inouve, this phant om has
e amoothed alighily e avord
Aaltasing problemn.




(a) (b) (c)

Display of the 2-D filters used to show the effect of CT reconstruction from
parallel projections over a 135°' angular range. Black corresponds to a filter
value of unity; white to zero. In (a) the filter drops abruptlyv to zero at
the missing sector boundary, whereas in (b) it is tapered to zero over a 15°
wide sector. A small contribution in the missing sector at low frequencies is

included in (c).
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Figure 4,

(a)

Fiure 5,

Reconstruction of the phantom from 20 equally
spaced parallel projections covering 180 using
a maximum entropy algoritim MENT.

(h)
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