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LACUNARITY IN A BEST ESTIMATOR OF FRACTAL DIMENSION
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A bestestimatorderivedby Takensfor estimatingthedimensionof a strangeattractorfroma discretesetof pointsis shownto
besensitiveto lacunarityin thefractal set.

1. Introduction andthecorrelationdimension[15], thoughsomeof
whatis said appliesto the otheralgorithmsaswell.

Though computingthe dimensionof fractal sets
hasachievedwidespreadpopularity (theliteratureis 2.1. Invariant measure
vast; thethreereviewsmentionedin ref. [1] areby
no meansexhaustive),it hasprovento be surpris- As algorithms, the input is necessarilya discrete
ingly difficult to characterizethe accuracyandreli- setof pointswhich sampletheset. Forthe purposes
ability of thesecomputationalestimates[2,3] (“It of this Letter, we will considerthe limit of N—~cx
isnotdifficult to developanalgorithmthatwill yield points.We will assumethat thesepoints fill the set
numbersthat canbe calleddimension,but it is far ergodically, andso allow us to define an invariant
moredifficult to be confident that those numbers measure~u.If dis theattractor,and S ~ d, thenthe
truly representthe dynamicsof thesystem” [2]). It measureof S is definedto be the fraction of points
is, perhaps,not surprisingthat a geometricalobject that are in S,
that iscalleda“strangeattractor”shouldprovetobe
ill-behavedandhard to analyze.In this Letter, we ~u(S)= lim *{x1Ix,eS} (2.1)
will addressa particularsourceof systematicerror, N-.~ N
due to “intrinsic oscillations” or “lacunarity” [4—8], Here “*“ denotesthecardinalityof the set.
which in particularaffectan otherwiseveryefficient
estimatorof dimensionderivedby Takens[91. 2.2. Pointwisedimension

To define the pointwisedimensionat the point
2. Dimension algorithms xcd, considerthe measureof the ball ~ ( r) which

hasradiusr andis centeredat the pointx. Call that

A varietyof algorithmshasbeenproposedfor es- measureB~(r) = ~t( ~ ( r)). Empirically,weestimate
timating the fractaldimensionof a geometricalob- B~,(r) by countinghow many neighborsthereare
ject (suchas a strangeattractor) from a discrete within r or x:
sampleof pointson the set.For an incompletesur- . #{x, j� andDx~—x, II <r}
vey, seerefs. [10—16]. In eachcase,a scaling of B~(r)= lim N1 . (2.2)
somethinglike “mass”as a function of something
like “size” yields the dimension.In this Letter, we If we haveB~(r) r~, thend~is the po~ntwisedi-
will concentrateon the pointwisedimension[11] mensionat x. Formally,
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lo B ~ which defines~(r), sincev is alreadydefinedin eq.
d~(x)=lim g X,’, / (2.3) (2.8). It is thebehaviorofthisprefactorcJ’(r) which

r—.O logr .

is ourconcernin thisLetter.Wetendto think of k(r)
asa coefficientwhich approachesa constantasr— 0,

2.3. Correlation dimension butall that eq. (2.8) requiresis that

An effectiveandvery popularalgorithm wasde- liml0~~1~=0. (2.10)
velopedby Grassbergerand Procaccia[151 and ~ g
Takens[161, and is basedon the distancesr~be- Further,sinceC( r) is necessarilynonzero,we also
tweenthe pointsx, and xi.. A correlationintegral is havethat .~I(r)is alwaysnonzero.
definedby thefraction of distanceslessthana fixed In practice~, wecannottaker> 0, sowesettlefor
distancer, some approximationat finite R>0. One obvious

choice is

C(N r)— *{r~Ii.çj~Nandr~=Ilx1—x1II<r}
— *{r~Ii<j~N} . (~)lo~C(R) (211)

logR
(2.4)

This estimatedoeshavethedesirablepropertythat
Equivalently, v(R) convergesto thecorrectdimensionv asR—+0.

1 N However,if CI~(r)is equalto a constantthen
~ B~,(r), (2.5)

N~1 logC(R) log(t’PR~) loge
= =v+—

or logR logR logR

1 N (2.12)
C(N, r)= N(N—l) ~ H(r—r~), (2.6) approachesv with logarithmic slownessasR—~0.

Onealternativeis to take

whereH(x), the Heavisidefunction,is zeroif x’<O log C(R)—log C(R2)
andone if x~0.In termsof the invariantmeasure, i’(R~~R2)= logR1—logR2 (2.13)
we canwrite . . .

which doesavoidthelogarithmicslownessdescnbed
C( r) = lim C(N, r) above,thoughit involvesthechoiceof twoscales,R,

andR2,bothof which shouldtendto zero.It is more
C I commonfor estimatesof dimensionto be takenby

= I H(r—IIx—y~~)d~(x)d~i(y). (2.7) fitting a slope to a log—log plot of C(r) versusrover
X some range r<R, as was originally advocatedby

The correlationdimensionv expressesthe scaling Grassbergerand Pocaccia[15]. This againavoids
C( r) r”; or moreformally, the logarithmic slowness,but thereis no clear cri-

1 C’r’ terionfor findinga bestfit. Unweightedleastsquares
v= lim O~ ~ (2.8) is a particularlypoorchoicefor two reasons.One,an

~.o og r unweightedfit effectivelyassumesa uniform errorin

We haveusedthe ambiguoussymbol“—i” to de- logC( r). This is wrong becausethe statisticsare
note the (equally ambiguous)phrase“tendsto be much poorerat small r thanat larger. Two, evena
approximatelyproportionalto”. We, in particular, weightedfit assumesthat errorsin logC(r) are in-
haveavoided saying C(r)ccr”, since this propor- dependentof eachother. But C(r+Ar) is equalto
tionalitymaynothold,evenasr-+0. Indeed,thefail- C(r) plus the fraction of distancesbetween r and
ureof this proportionality is the essentialfeatureof r+ I~sr. Paticularly, for small i~r, the error at
lacunarity.We cancertainlywrite

~“ In practice,thereallimitation is finite N,butan indirecteffect
C(r) = c2(r)r”, (2.9) ofthis is thatwemustlimit r to somepositivevalue.
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logC(r+ i~r)will be stronglycorrelatedwith the er- timatorbehavescorrectly. In fact, we will derive a
ror at logC( r). condition on the behaviorof ~( r) which is more

A more sophisticatedideais to useamaximum strict thaneq. (2.10), andunderwhich the Takens
likelihood estimator.(This ideawas introducedby estimatorconverges.
Fisher [171; a recentexpositioncanbefoundin ref. Wearecompellednonethelessto commentthatfor
[181.) The idea is to assumethat distancesr,~are purposesof practicalapproximation,the Takenses-
distributedrandomlyaccordingto a probability timatormay still bea veryuseful formula.

P(r~<r)=C(r)=~1r~. (2.14)

Then, calculatethe likelihood of observingthe par- 3. Convergencecriterion for the Takens estimator
ticular distancesrj thatare seen,giventhisassump-
tion about their probability distribution. This In this section,we derivea conditionon the pre-
likelyhood is expressedasa function of the param- factor 1’(r) which allows the Takensestimatorto
etersvandC1; thevaluesof vandc1’ which maximize converge.First write
the function comprise the maximum-likelihood
estimator. v(R)— C(R) — ~(R)R” (3 1)

This approachwas appliedby Takens[9] to the — J~[C(r)/r]dr — .f~~(r)r”’dr~
correlationdimension.Assumingthe form of prob- -,Now, takez= —log(r/R), sor=Re -, andr~0be-
ability distnbution above,Takensdenvesan opti- comesz—~:mal estimator

R — ___________________

(2.15) ~ ~ f~~(Re)(Re)~(—Re~dz)
<log(r~/R)>

~(R)
wheretheanglebrackets< > denoteanaverageover = ~ e ~4(Re~) dz~ (3.2)
all distancesrjj which are lessthanR. In termsof the
correlationintegral, this canbe written [3] This is an approximationto v with relative error

v(R)=fR[~~3Jd. (2.16) E(R)= V(R)V (3.3)

Wenotethatanidenticalprescriptioncanbeapplied Invoking the identity f~e “~ d = 1 / v, we canwrite
to the pointwisedimension.Here,theestimatorfor f~0e -[~(Re-)—~(R)]dr
the dimensionat point xis E(R)= ~(R) . (3.4)

B(R)
d(x,R)= ~ . (2.17) In general,we havethat the Takensestimatorcon-

Jo [fi ~r)frJ ur
vergesiff

As wewill see,this is a moreefficient estimatorof
dimensionthanthe straightratioof logarithmsgiven lim 5 e V [~(Re_z) /~(R)— 1] dz=0. (3.5)
in eq. (2.11),in the sensethat v(R) approachesthe R-.O

dimensionv muchmorequickly asR—~0.However,
it is the purposeof this Letter is to probethat for We first commentthat for a nonlacunarfractal,
fractal setswith lacunarity, v(R) doesnotconverge with ~I constant,we have~(Re~) = 1(R), the er-
at all. In fact, Takensobservednumericallythates- rorE(R) is zero,andtheestimatoris accurate.Fur-
timatesof dimensionfor the Zaslavskiimap [19] ther, fora fractalin which ~ approachesa constant,
fluctuated,dependingon thechoiceofR. This fluc- the error vanishesasR—~0.
tuationwas correctlyattributedto the failure of the Weemphasizethat thisconditionisnotequivalent
assumptionthat ~ wasconstant.For ~ constant,or to eq. (2.10). It is possibleto devisefunctions~(r)
if it approachesa constantas R—~0,the Takenses- forwhich eq. (2.10) is satisfied,buteq. (3.5) isnot.
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Such functions, we will see, arise from lacunar iability of cP(r), particularly where limr.o cT~(r) is
fractals. nota’ positiveconstant.In suchcases,the Takenses-

timatorusuallyfails to converge.

4. Generallacunarity 4.1. Periodic lacunarity

Mandelbrot[4] introducedthetermlacunarityas Fig. 1 showsa log—log plot of the correlationin-
a measureof the “texture” of a fractal. Thereis no tegral for the middle-thirdsCantor set. (This ex-
generallyaccepteddefinitionof lacunarity, andin- ampleis also discussedin ref. [71.)Also plottedis
deedtherehasbeensomecontroversyoverhow it c1(r) = C(r) /r~.We seethat c1(r) hasthe property
shouldbe measured(a brief account,offeredasan

= ~(Lr) (4.1)
aside,canbefoundin ref. [20]). Wefollow ref. [7],
amongothers,in usingthe termto referto the var- for the constantL = 1/3 andfor all r. We takeeq.

1 105
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C 1.0fl ~ ~\~, ~

__ _ :~L~
~01 0.01 0.1 1 0001 0.01 0 1 1

r r

0 68 1 0

(c) I (d)

066 - 0.8 - -

0.64 \ - 0.8

::: ~
0.58 0.0

0001 0.01 0.1 1 C 001 0.01 0 1 1
18 r

Fig. 1 The middle-thirdsCantorset. (a) Log—log plotof thecorrelationintegralC(r). Theoverallslopeis v=log2/log3 0.63,whichis
thedimensionof thefractalset. (b) Theperiodiclacunarfunction Z(r). Hence1(r) = ‘Z’( r/3) for all r. (c) TheTakensestimatorv(R)
doesnot approachthecorrectdimensionv, but insteadoscillateswithout dampingasR—.O. (d) A morereliableestimatoris theratioof
logarithms,log C(R)/logR.Although we point out in thetext that theconvergenceof thisestimatoris usually very slow, approaching
thelimit as0(1/logR); in this particularexample,thecoefficientof thatleadingtermis zero.
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(4.1) as a definition for periodiclacunarity. As a
function of z= —log(r/R), weseethat ~(Re_z) is 1.25 —

periodic with “wavelength” logL. Further,we see
immediatelyfrom eq. (3.2) thatperiodiclacunarity
implies

v(R)=v(LR) . (4.2) ~ i.~o —

It follows that v(R)= v (L~R) for arbitrarilylargen.
In particular,this meansthat if v(R)# v for any
R>0,thenlimR.O v(R) cannotbe v.Thus,weneed
only show a singlevalueof R for which v(R)~ v to

1.15 —provenonconvergenceof the Takensestimator.
TakeRsothat c1~(R)is minimum;thereis no dif- ~ ~~

ficulty in doing this since c1(R) is periodic in the p

senseof eq. (4.1). In particular,then, Fig. 2. The Takensestimatorv(R) for theHénonattractor.It is
expectedthat v(R) approachesa constantasR—.0.

~(Re_z)/k(R)~ 1 , (4.3)
for all z, with strict inequalityfor at leasta rangeof provethat the oscillationsare dampedfor (generic
valuesof z (unless1 is constant!).This impliesthat elementsof) a class of multi-scale Cantor sets.

Nonetheless,asArneodoetal. [23], pointout, these

J e — VZ [~(Re — Z) / ~I~(R)— 1] dz, oscillationsstill makeestimationofdimensiona more
difficult problem.

0

is strictly greaterthanzero.It follows that v(R)~
andfrom the argumentabove,that limR.o v(R)~ 5. Edgeeffect
v.

TheTakensestimatordoesnotconvergefor frac-
In this section,we demonstratethe usefulnessoftalswith periodiclacunarity. the Takensestimatorfor a casein which ~Pis non-

constant, yet not lacunar. That is, we have
4.2. Aperiodiclacunarity lim,..0 c1(r) existsandis a positiveconstant.Wetake

asourexampletheunit interval [0, 1] with uniform
Although cooked-up exampleslike the middle- density. In this case,v is clearly one,andthe cor-

thirds Cantorset displaysa lacunaritythat is pre- relation integral is given [3] by
cisely periodic as r—~0, a moretypical fractal, such
as the Hénon attractor [21], exhibits oscillations C(r)=2r—r

2=(2—r)r, (5.1)
whicharemorecomplicated2• Seefig 2. It isclaimed and
in ref. [7] that theamplitudeof the oscillationsde-
creaseas r—~0for the Hénonattractor.This is ver- X~(r)=2—r. (5.2)
ified numericallyby Grassberger[201,who computes

We canwrite anexplicit expressionfor the Takens
dimensionaccordingto eq. (2.13),withR

1 = 2~and
= e/2.He finds that the oscillationsthat are ob- estimator,usingthe formula for v (R) in eq. (3.2).

servedfor ~> l0~do indeeddampout for � all the We have
way down to 2 x 10~.Turchetti andVaienti [22]

~2 For thepointwisedimension,nearlypreciseperiodic lacunar-

ity is morecommon.This periodicity is pointedout in ref. [3]
for thepointwisedimensionof theHénonattractoratthefixed
point.
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