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Abstract Unconsolidated granular earth materials exhibit softening behavior due to external
perturbations such as seismic waves, namely, the wave speed and elastic modulus decrease upon
increasing the strain amplitude above dynamics strains of about 10−6 under near-surface conditions. In
this letter, we describe a theoretical model for such behavior. The model is based on the idea that shear
transformation zones—clusters of grains that are loose and susceptible to contact changes, particle
displacement, and rearrangement—are responsible for plastic deformation and softening of the material.
We apply the theory to experiments on simulated fault gouge composed of glass beads and demonstrate
that the theory predicts nonlinear resonance shifts, reduction of the P wave modulus, and attenuation, in
agreement with experiments. The theory thus offers insights on the nature of nonlinear elastic properties
of a granular medium and potentially into phenomena such as triggering on earthquake faults.

1. Introduction

Dynamic wave excitations in the laboratory and seismic waves in the field are known to cause modulus and
velocity decrease when wave amplitudes exceed approximately 10−6. Such observations are widespread at
scales ranging from centimeters or less to the tectonic scale (Figure 1). Prominent field examples include the
2004 M6.0 Parkfield earthquake and the 2011 M9.0 Tohoku-Oki earthquake, after which seismic wave veloc-
ities measured on surface and borehole arrays show a pronounced reduction [Rubinstein and Beroza, 2005;
Li et al., 2006; Minato et al., 2012; Brenguier et al., 2014; Wu et al., 2016], reflecting a decrease of the elastic mod-
ulus of material in the first few kilometers of Earth’s crust. Figure 1a shows the results of the Wu et al. [2016]
study that demonstrates the delayed arrival of seismic waves at recording stations, a clear indication of seismic
wave speed reduction after the Parkfield earthquake. It is well known that the nonlinear elastic and sometimes
plastic response of sediments to seismic waves amplifies strong ground motion as well [e.g., Field et al., 1997].
Observations of dynamic weakening have been confirmed in scores of laboratory experiments on rock and
unconsolidated granular materials [Guyer and Johnson, 2009; Johnson and Jia, 2005]. Figure 1b shows such an
example in an unconsolidated granular material. These studies suggest that nonlinear softening is induced at
contacts and defects such as grain contacts, fractures, and cracks. Interestingly, nonlinear elasticity may play
a role in such phenomena as the dynamic triggering of earthquakes. Induced slip may occur if the perturbed
fault is already near its critical state prior to failure [Johnson and Jia, 2005]. Thus, an accurate description of the
nonlinear softening, often termed “nonlinear fast dynamics,” must take into account the interaction between
the wave excitation and the defects and constitutive elements in the material.

Several models have been proposed for such nonlinear elastic behavior. For instance, the “soft ratchet” model
of Vakhnenko et al. [2004] posits a direct relationship between the measured elastic modulus and the defect
density, assumed to depend explicitly on the stress and the temperature alone. That model assumes a phe-
nomenological stress-strain relation; the crucial connection between defects and plasticity is not apparent.
Lebedev and Ostrovsky [2014] attribute nonlinear softening and frequency shift to hysteretic effects at grain
contacts applying a more physics-based approach based on the Arrhenius theory for thermal effects. They
make strong assumptions regarding the spectrum of energy potentials. McCall and Guyer [1994] and Guyer
et al. [1995] derived a variant of the phenomenological Preisach-Mayergoyz space model in which the material
is composed of a large number of “mesoscopic elastic units,” and uses effective-medium theory to describe
nonlinear elastic behavior. Existing models such as these do not offer much hint as to the nature of defects
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Figure 1. Nonlinear elasticity takes place over many length scales. (a) Reduction of the seismic velocity after the
2004 M6.0 Parkfield earthquake, reflected by the delayed arrival of seismic wave signals recorded by the HRSN array.
The measurements were made using cross correlations applied to the ambient seismic field. The seismic wave speed
reduction reflects a drop of the elastic modulus of the fault material. Adpated from Wu et al. [2016]. (b) Similar
phenomena are observed in the laboratory. Johnson and Jia [2005] performed laboratory experiments on glass
beads. Measurements of P wave speed were conducted, while the granular glass bead pack was subjected to acoustic
disturbances; results indicate that acoustic waves of increasing amplitude reduce the elastic modulus. Adapted from
Johnson and Jia [2005]. (c) The proposed physical mechanism for the softening of the elastic modulus of the granular
medium. Upon external wave disturbances, some grains in “soft” deformable grain clusters, referred to as shear
transformation zones (STZs), highlighted here in color, may slip past one another and be displaced. Such rearrangement
events generate local plastic strain and reduce the aggregate elastic modulus. Figure is produced using simulation data
from Griffa et al. [2011].
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and mesoscopic elastic units, and the physical processes that occur at the building-block level when the bulk
material is driven by external wave perturbations. We aim to advance our understanding here with a simple,
yet detailed, description of viscoplasticity and the statistical physics of the building blocks, to capture the
structural changes that occur in earth materials under external disturbances.

In this paper, we focus on unconsolidated granular materials and propose to explain nonlinear softening
within the framework of the shear transformation zone (STZ) theory. The theory attributes nonaffine, plas-
tic deformation to granular rearrangement—broadly defined to now include contact changes and grain
displacement—at sites referred to as STZs and describes their dynamics through a direct connection to sta-
tistical thermodynamics. See Figure 1c for an illustration. This eliminates the need to track the motion of every
single constituent grain. No assumptions regarding the fluid content of the material, or surface chemistry at
grain contacts, are made. The STZ model has been invoked in previous studies to explain stick-slip instabilities
when a granular earthquake fault is subjected to a large, unidirectional shear stress [Lieou et al., 2015, 2016,
2017a]. We shall show in this paper that the STZ theory can describe the reduction of the wave speed, reso-
nance frequency and attenuation Q factor, and therefore nonlinear softening of the P wave modulus, seen,
for example, in experiments on simulated faults composed of glass beads described in Johnson and Jia [2005],
under acoustic wave perturbations that produce an oscillatory deviatoric stress.

The outline of this paper is as follows. We begin with a brief overview of the STZ theory in section 2, detail-
ing quantitatively the connection between stress-driven granular rearrangements and plastic strain. Upon
linearizing the STZ equations for small stresses and strains in section 3, we show how the STZ theory can be
combined with the usual elastodynamic equation of motion of the form

𝜌Gü = 𝜕𝜎

𝜕x
+ F, (1)

to describe standing waves in a confined, dense granular medium. (In this equation, 𝜌G is the grain mate-
rial density, u(x) is the particle displacement, 𝜎 is the internal stress, and F is the external forcing.) Then, in
section 4, we derive the resonance wave frequency, which is directly related to the elastic P wave modulus.
We demonstrate in section 5 that the resonance frequency can depend on the strain amplitude and obtain
quantitative agreement with the Johnson and Jia [2005] measurements in granular glass bead packs. Attenu-
ation away from the resonance frequency is discussed in section 6. We conclude the paper with a summary
of the salient physical ideas and important open questions.

2. Brief Review of the STZ Model

In a granular material, there are isolated soft spots—termed “shear transformations zones” or STZs that
are significantly more susceptible than their surrounding grains to local shear rearrangements by virtue of
their local configuration. Nonaffine grain displacements and local contact changes at these defects now fall
under this broadly defined class of shear rearrangements that produce plastic strain. STZs are directional
in nature; given a nonzero deviatoric stress configuration, an STZ that may undergo shear rearrangement
under that stress configuration will not rearrange under the reverse stress. However, if it has undergone a
rearrangement and “flipped” to the opposite state, reversing the stress may return that STZ to the original
configuration, so long as that “cluster” of grains remains soft under the local grain configuration. Thus, we may
broadly classify STZs into two states and denote by N± the numbers of STZs in each state. Thermodynamic
arguments [e.g., Lieou and Langer, 2012] show that the density of STZs Λ is controlled by a (dimensionless)
temperature-like quantity 𝜒 , termed the compactivity, that characterizes the configurational disorder in the
granular medium:

Λ ≡
N+ + N−

N
= 2e−1∕𝜒 , (2)

where N is the total number of grains. Here we implicitly use the quasistationary approximation, which says
the the STZ density Λ is controlled by the compactivity 𝜒 at all times and equals 2e−1∕𝜒 . We emphasize that
the compactivity has nothing to do with the actual temperature. However, it can be thought of in some philo-
sophical sense as being analogous to the real temperature. One can observe, for example, that 𝜒 appears
in the STZ density through the Boltzmann-like factor e−1∕∕𝜒 , in a way similar to some temperature scaled
by an energy.
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In the case of uniaxial compression, or if the granular material is subject to the forcing of compressional
pressure waves, the deviatoric stress is clearly nonzero. For our purposes, it suffices to use the scalar version
of the stress 𝜎 instead of the full deviatoric stress tensor. The evolution equation for the number of STZs in
each of the two states is

𝜏Ṅ± = (±𝜎)N∓ −(∓𝜎)N± + Γ
(

Ne−1∕𝜒 − N±
)
. (3)

Here (±𝜎) is the rate, in units of the inverse “inertial time scale” 𝜏 , of stress-driven granular rearrangements.
(The inertial time scale is the time for a pressure-driven granular rearrangement; in terms of the pressure 𝜎p,
grain size a, and grain material density 𝜌G, this is 𝜏 = a

√
𝜌G∕𝜎p.) The terms (±𝜎)N∓ − (∓𝜎)N± describe

the “flipping” of STZs between the two possible states, which conserves the number of STZs; detailed bal-
ance is automatically satisfied. Γ is the rate of creation and annihilation of STZs, directly proportional to the
power input:

Γ = 𝜏𝜎�̇�pl

2𝜖0𝜎0e−1∕𝜒 . (4)

This term brings the total number of STZs to 2Ne−1∕𝜒 . The proportionality parameter 𝜎0 controls the yield
stress. Meanwhile, the transition of STZs between the two states is precisely what produces plastic strain; thus,
the plastic strain rate is

�̇�pl =
𝜖0

𝜏N
e−1∕𝜒 (

(𝜎)N− −(−𝜎)N+
)
, (5)

where 𝜖0, the ratio between the typical size of an STZ and the typical grain size, is of order unity.

Defining the STZ orientational bias

m ≡
N+ − N−

N+ + N−
, (6)

and the symmetric and antisymmetric combinations of the STZ transition rates

(𝜎) = (𝜎) +(−𝜎)
2

;  (𝜎) = (𝜎) −(−𝜎)
(𝜎) +(−𝜎)

, (7)

we can rewrite equations (3) and (5) to get

𝜏ṁ = 2(𝜎) ( (𝜎) − m)
(

1 − m𝜎

𝜎0

)
; (8)

𝜏�̇�pl = 2𝜖0e−1∕𝜒
(𝜎) ( (𝜎) − m) . (9)

These equations indicate that the difference between the forward and backward STZ transition rates, minus
the STZ orientational bias, controls the rate of STZ flips as well as the plastic strain rate. Meanwhile, the
evolution equation for the compactivity takes the form

�̇� ∝ 𝜎�̇�pl

(
1 −

𝜒

𝜒

)
, (10)

which describes the gradual approach to the state of disorder with compactivity 𝜒 , controlled by the work
rate of plastic deformation 𝜎�̇�pl. Because of the smallness of 𝜎 and �̇�pl, it takes many cycles for 𝜒 to reach its
steady state value. We shall simply assume the steady state compactivity to be a constant determined by the
external drive. Intuitively, 𝜒 increases with the drive amplitude, since more soft regions and voids may be cre-
ated as the drive amplitude rises; this is an important point which we shall return to later in the manuscript.
Thermodynamic arguments [see, e.g., Lieou and Langer, 2012] show that  (𝜎) = tanh[𝜖0𝜎∕(𝜖Z𝜎p𝜒)], where
𝜖Z is the void volume per STZ normalized by the typical grain size. As such, it is customary to choose
(𝜎) = R0 cosh[𝜖0𝜎∕(𝜖Z𝜎p𝜒)], where R0 is to be determined later. Equations (8) and (9) are the basic dynamical
equations that form the basis of this work. Since we are concerned with steady state dynamical measurements
in this work, we shall simply assume henceforth that 𝜒 has approached its steady state value 𝜒 and drop the
tilde for convenience.
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3. Acoustic Wave Perturbation and Linearization of the STZ Model

If the granular material is subject to a pressure wave, 𝜎 in the dynamical equations should refer to the oscilla-
tory component of the stress that produces the oscillatory strain 𝜖. We shall show below how we can describe
resonance and softening within the STZ theoretical framework.

In the linear, subyield regime, we may linearize equations (8) and (9) around the small quantities m and 𝜎. The
result is

𝜏ṁ = 2R0

(
Ω𝜎
𝜒

− m

)
; (11)

𝜏�̇�pl = 2R0𝜖0e−1∕𝜒
(
Ω𝜎
𝜒

− m

)
, (12)

where Ω ≡ 𝜖0∕(𝜖Z𝜎p). We make an important cautionary remark at this point. In unidirectional loading, m
evolves on a much faster time scale than the other dynamical variables; as such, it is customary to use the
approximation ṁ = 0 and replace m everywhere by its stationary (but not constant) value that depends
on the external drive conditions. The same approximation cannot be used for oscillatory forcing. Instead, m
evolves dynamically on a time scale given by the inverse drive frequency and reverses its sign periodically
under oscillatory forcing, even while the total STZ density Λ may stay constant. Thus, it becomes crucial to
resolve the dynamics of m. These equations are supplemented by two other equations of motion. The first of
these is a statement of linear elasticity:

�̇� = M0(�̇� − �̇�pl), (13)

where �̇� is the total strain rate and M0 is the unperturbed P wave modulus in the limit of maximum packing
fraction. The second equation is a statement of Newton’s second law in continuum mechanics:

𝜌Gü = 𝜕𝜎

𝜕x
+ F, (14)

where F is the external forcing, x is the position along the direction of P wave propagation, and u describes
the displacement, related to the total strain 𝜖 by 𝜖 = 𝜕u

𝜕x
. While these equations are linear, we shall see below

that the behavior of the driven granular material is manifestly nonlinear even in this “linear” approximation.

To proceed, let us assume that the ansatz for the variables

u = ûei(kx−𝜔t); (15)

𝜎 = �̂�ei(kx−𝜔t); (16)

m = m̂ei(kx−𝜔t); (17)

F = F̂ei(kx−𝜔t). (18)

Here 𝜔 is the angular frequency of the external forcing, and k is the wave vector set solely by the boundary
conditions; specifically, because the wavelength𝜆 at the fundamental resonance equals half the system size H,
the wave vector is simply k = 2𝜋∕𝜆 = 𝜋∕H. (H is the height of the granular pack in the experiment in Johnson
and Jia [2005] in which waves propagate between the top and the bottom of the granular pack.) Substituting
these equations into the equations of motion, (11) through (14), we find

− 𝜔2𝜌Gû = ik�̂� + F̂; (19)

− i𝜔m̂ = 𝛼

(
Ω�̂�
𝜒

− m̂

)
; (20)

− i𝜔�̂� = M0

[
k𝜔û − 𝛼𝜖0e−1∕𝜒

(
Ω�̂�
𝜒

− m̂

)]
, (21)

where 𝛼 ≡ 2R0∕𝜏 . Eliminating �̂� and m̂, we arrive at a direct relationship between the drive and response
amplitudes F̂ and û:

F̂ =
(

M0k2 𝛼 − i𝜔
𝛽 − i𝜔

− 𝜔2𝜌G

)
û, (22)
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where we have defined the shorthand 𝛽 ≡ 𝛼(1 + M0𝜖0Ωe−1∕𝜒∕𝜒). The unperturbed modulus M0 is related to
the wave speed v in the zero-amplitude, zero-compactivity (i.e., maximum possible packing fraction) limit at
resonance through

v =

√
M0

𝜌G
=

𝜔0

k
, (23)

where 𝜔0 is the resonance frequency in the linear regime, to be computed from experimental data. Hence,
we can rewrite equation (22) as

F̂ = 𝜌G

(
𝜔2

0𝛼 − 𝜔2𝛽
)
− i𝜔

(
𝜔2

0 − 𝜔2
)

𝛽 − i𝜔
û. (24)

This motivates us to define the response function

A(𝜔) ≡ 𝛽 − i𝜔(
𝜔2

0𝛼 − 𝜔2𝛽
)
− i𝜔

(
𝜔2

0 − 𝜔2
) , (25)

and its square norm

S(𝜔) ≡ |A(𝜔)|2 = 𝛽2 + 𝜔2(
𝜔2

0𝛼 − 𝜔2𝛽
)2 + 𝜔2

(
𝜔2

0 − 𝜔2
)2

, (26)

which measures the ratio between the output and input amplitudes.

4. Resonance

The resonance frequency is computed by setting dS∕d𝜔 = 0. This yields a cubic equation whose analytical
solution 𝜔res is not particularly illuminating. However, it is easy to see directly that in the limit 𝛽 → 𝛼—that
is, when the quantity e−1∕𝜒∕𝜒 is small (see the definition of 𝛽 above after equation (22), or when 𝜒 is small
and the granular material has little disorder, there is a spurious solution 𝜔res = 𝜔0. When 𝜒 increases above
some threshold, e−1∕𝜒∕𝜒 increases rapidly and 𝛽 is no longer close to 𝛼; as such, the resonance frequency 𝜔res

begins to fall significantly from 𝜔0.

Recall now that the perturbed P wave modulus M is determined directly from the experimental measurement
of the fundamental resonance frequency. Specifically, the modulus is related to the wave speed v through

v =
√

M
𝜌G

= f𝜆, (27)

where the wave frequency is f = 𝜔∕2𝜋 and the wavelength 𝜆 is half the system size H at the fundamental
resonance. Thus,

𝜔2
res =

(
𝜋

H

)2 M
𝜌G

. (28)

Hence, as the resonance frequency 𝜔res falls below 𝜔0, the measured P wave modulus M falls below the
zero-compactivity value of M0. In other words, the P wave modulus decreases with increasing compactivity
or, equivalently, an increasing number of STZ defects in the granular material. Thus, the STZ picture conforms
with our intuition about the relationship between softness and the defect density.

5. Softening of the Elastic Modulus

Equations (26) and (28) reveal that the resonance frequency depends on the compactivity 𝜒 . In order to
describe the nonlinear softening behavior as seen in experiments such as the one on unconsolidated glass
beads by Johnson and Jia [2005], it is therefore necessary to vary 𝜒 with the strain amplitude 𝜖dyn —a com-
pletely conceivable scenario. Indeed, on the expectation that an elevated strain amplitude “stirs up” the
granular packing and increases disorder by creating more soft regions and voids in the granular packing,
the compactivity 𝜒 , which by definition is a measure of configurational disorder, should be a monotonically
increasing function of 𝜖dyn at the steady state. This is very much analogous to the finding that the steady state
compactivity of a sheared granular material increases above some constant value once the shear rate exceeds
some threshold [e.g., Langer and Manning, 2007; Lieou et al., 2014]. The increase in the number of STZ defects
is precisely the cause of the softening of the elastic modulus.

LIEOU ET AL. SOFTENING IN GRANULAR MATERIALS 7003
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Figure 2. Softening of the P wave modulus M, computed by solving
equations (28) and (29) alongside setting dS∕d𝜔 = 0 in equation (26).
The data are from Johnson and Jia [2005]. We only show the results for
the load levels 𝜎p = 0.071 and 0.28 MPa. The modulus decreases once
the strain amplitude 𝜖dyn exceeds a critical value of about 10−6.

Our strategy is to choose a physically sen-
sible value 𝜒 = 𝜒0 in the limit 𝜖dyn → 0,
such that it is within the range for which
the quantity e−1∕𝜒∕𝜒 remains small and
𝛽 remains close to 𝛼; see the discussion
above. This guarantees that the system
follows the set of linearized equations
discussed above when the strain ampli-
tude is small enough. We then use this
value of 𝜒0, along with equation (26) for
the squared response function, to com-
pute the value of 𝜔0 that generates a
maximum response at the experimen-
tally observed frequency𝜔res, which may
deviate slightly from 𝜔0, in the limit of
zero strain amplitude. To this end, we
choose 𝜒0 = 0.065; the interpretation is
that there is a small number of preexist-

ing soft spots in the granular packing which may undergo contact changes and grain rearrangements if
the granular medium is excited by external forces. We use, as usual, the parameters 𝜖0 = 1.5 and 𝜖Z = 0.5.
The unconsolidated glass beads in the Johnson and Jia [2005] experiments have a characteristic grain size of
a = 0.7 mm and grain material density 𝜌G = 2.4×103 kg m−3. The height of the granular pack is H = 18.5 mm.
The basic STZ transition rate R0, measured in units of the attempt frequency 1∕𝜏 , should be of order unity;
we find that R0 needs to be reasonably large in order to provide a good fit with the relatively small attenu-
ation as a function of increasing strain amplitude (see the next section); here we choose R0 = 4. The need
for a relatively large R0 can also be seen from equation (20) above, which says that if 𝛼∕𝜔 = 2R0∕(𝜔𝜏) is
large, the STZ dynamics described by m is roughly in phase with the oscillatory component of the stress 𝜎.
We focus on the normal loads 𝜎p = 0.071 MPa and 0.28 MPa, at which the “unperturbed” P wave moduli are
M(𝜖dyn = 0) = 0.872 and 1.31 GPa, respectively, and the corresponding resonance (angular) frequencies are
𝜔res = 1.024 × 105 s−1 and 𝜔res = 1.257 × 105 s−1. The values of the zero-compactivity resonance frequency
𝜔0 are found to be 𝜔0 = 1.052 × 105 s−1 for 𝜎p = 0.071 MPa and 𝜔0 = 1.276 × 105 s−1 for 𝜎p = 0.28 MPa.

Next, we vary 𝜒 with increasing 𝜖dyn to obtain fits to the softening data at nonzero strain amplitudes. We
propose that 𝜒 varies with the experimentally measured strain amplitude 𝜖dyn according to

𝜒(𝜖dyn) = 𝜒0 + 𝜒1 tanh

[(
𝜎t

𝜎p

)2∕3

𝜖dyn

]
, (29)

at least in the strain amplitude regime of interest, and choose 𝜒1 = 0.006 and 𝜎t = 3.5×103 GPa. This relation
says that compressional P waves of increasing amplitude “stir” the material, induce more configurational

Figure 3. Response function A(𝜔) at several different dynamic strain
amplitudes 𝜖dyn, at the load level 𝜎p = 0.28 MPa. The resonance peak
shifts to the left as the drive amplitude increases, consistent with the
expected behavior.

disorder, and create more defects—in
accord with our physical intuition. The
hyperbolic tangent function has been
chosen so that the P wave modulus
approaches some lower bound in the
limit of large strain amplitude. Figure 2
shows the result of directly solving for
the P wave modulus through the reso-
nance condition, equation (28), under
the present assumption (29) for the
compactivity. The data points are mea-
surements in the experiments described
in Johnson and Jia [2005]. This demon-
strates reasonably good agreement
between the STZ theory—along with
equation (29)—and the experiment.
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Said differently, the experimental softening data offers insight on the density of STZ defects and enables
us to infer how 𝜒 varies with the dynamic strain amplitude. Note the dependence on the pressure 𝜎p in
equation (29), with an exponent of −2∕3. This is reminiscent of the Hertzian contact theory and may point to
deeper connections between the defect density and the physics at grain contacts.

One can also solve for the response function A(𝜔) =
√

S(𝜔), proportional to the detected strain amplitude
normalized with respect to the drive amplitude, through equation (26) to obtain the tuning curves around res-
onance. The result is shown in Figure 3. One sees immediately that the granular glass bead pack displays true
resonance behavior as one sweeps through frequency space. As one increases the dynamic strain amplitude,
the resonance shifts to the left, consistent with the conventional softening behavior in unconsolidated gran-
ular materials and other materials subjected to acoustic perturbations. Note that while the peak value of the
response function A(𝜔) decreases with increasing strain amplitude, when multiplied by the drive amplitude
F̂ itself the detected strain amplitude is an increasing function of the drive amplitude, as it should.

6. Attenuation and Q

Johnson and Jia [2005] also measured, but did not report, measurements of the attenuation Q factor. A
large value of Q corresponds to little loss and attenuation. The Q factor in the linear regime, denoted by
Q0, is computed directed from the full width at half maximum Δ𝜔 of the squared response function S(𝜔),
equation (26):

Q0 =
𝜔res(𝜖dyn = 0)

Δ𝜔
. (30)

In the nonlinear regime, Q is given by the relation [Johnson and Sutin, 2005]

Q = Q0

|A(𝜔res)||A(𝜔res(𝜖dyn = 0))| . (31)

In other words, the Q factor in the nonlinear regime can be computed directly using the linear Q0 and the
normalized strain amplitude, or the peak height of the response function A(𝜔).

One can also estimate Q by drawing parallels with the analogous situation in simple harmonic motion, without
computing the peak response amplitudes. Recall that in a damped harmonic oscillator, the response function
AHM(𝜔) is related to the Q factor by

AHM(𝜔) =
1(

𝜔2
0 − 𝜔2

)
− i(𝜔2∕QHM)

, (32)

and the real part of the denominator, 𝜔2
0 − 𝜔2, vanishes at resonance. Thus, it suffices for us to rewrite the

response function of the driven granular glass bead pack in the form A(𝜔) = 1∕(R − iI), where I and R are real
and R ≈ 0 at resonance; then an estimate of Q in the nonlinear regime is Qest = 𝜔2

res∕I. In the present case,
using equation (25) for A(𝜔), the result is

Qest =
(
𝛽2 + 𝜔2

res

)
)𝜔2

res

(𝛽 − 𝛼)𝜔res𝜔
2
0

. (33)

Figure 4 compares 1∕Q calculated from equation (31), estimated from equation (33), and measured in the
glass bead experiment. The calculated Q and estimated Qest values match closely with one another. While
there is close agreement between experiment and theory at the higher pressure of 𝜎p = 0.28 MPa, at the
lower pressure 𝜎p = 0.071 MPa the theory overestimates 1∕Q by a factor of 2. (Use of a bigger R0 at the lower
pressure, which corresponds to a higher STZ event rate, provides a better fit to Q than is presently shown.
However, with R0 being the STZ even rate in units of the attempt frequency 1∕𝜏 , we find no physical reason to
use an R0 value that is substantially different from (1). The theoretical curves for 1∕Q are not sensitive to the
functional form in equation (29) for the variation of the compactivity 𝜒 with the strain amplitude 𝜖dyn, as long
as it provides a good fit to the softening data.) This may be suggestive of additional dissipation mechanisms
in the current form of the STZ theory that is not present in the experiment, at least for the lower pressure. Still,
the STZ theory predicts a linear increase of 1∕Q with the strain amplitude 𝜖dyn —and a faster increase at lower
loads—in accord with the experimental measurements. Within the STZ picture, this says that an increasing
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Figure 4. Attenuation Q factor calculated from equation (31) (solid
lines) and estimated from equation (33) (slightly darker dashed lines),
at the load levels 𝜎p = 0.071 and 0.28 MPa. The data points are
measurements performed by, but not reported in, Johnson and Jia
[2005]. In both experiment and theory, 1∕Q increases linearly with the
detected strain amplitude 𝜖dyn.

number of STZs generated by acoustic
strain soften the material and amplifies
attenuation; STZs constitute a dissipative
mechanism in a driven granular material.

7. Concluding Remarks

In this article we have developed a model
for the nonlinear response of an uncon-
solidated granular earth material to P
wave perturbations. The model is based
on the shear transformation zone the-
ory of plasticity, which attributes defor-
mation to the rearrangement of grains,
broadly defined to include nonaffine dis-
placement and contact changes, at soft
sites referred to as STZs. When combined
with linear wave equations, the STZ the-

ory describes how small-amplitude P wave perturbations decrease the resonance frequency and soften the P
wave modulus of the material, in agreement with laboratory experiments on simulated fault materials com-
posed of glass beads. We also discussed the issue of attenuation and found that the reciprocal 1∕Q of the
attenuation Q factor increases linearly with increasing strain amplitude, as in the experiment. Because the STZ
theory does not prescribe a particular stress configuration, generalization to describe the recently observed
softening of the shear modulus under shear wave perturbations by up to 50% for strain amplitudes of up to
10−4 (X. Jia, private communication, 2017) should be straightforward.

The density of STZs in the unconsolidated granular packing is controlled by the compactivity 𝜒 . The com-
pactivity has its origin in statistical thermodynamics [e.g., Lieou and Langer, 2012] and increases with the
amount of disorder in the granular packing; 𝜒 is a key ingredient of the theory. Through fitting the theory to
the experimental data, we have demonstrated conclusively that the compactivity increases with increasing
strain amplitude. Physically, an increased strain amplitude creates more soft regions and voids in the granular
material, therefore making the granular medium more disordered. This interpretation thus directly relates the
softening of the granular material to its inherent disorder and to the existence and population of soft regions
and voids, namely STZs. STZs also account for dissipation and attenuation of acoustic waves inside the gran-
ular material, as demonstrated by the revelation that the reciprocal 1∕Q of the attenuation Q factor increases
linearly with strain amplitude. Note that the increasing number of soft regions may be related to the growth
of the density of soft modes with increasing amplitude [e.g., Owens and Daniels, 2013] and the decrease
in coordination number at very large strains associated with a reduction of the number of force chains
[Lemrich et al., 2017]. Unlike other more phenomenological models for softening and nonlinear elastic behav-
ior such as Vakhnenko et al. [2004], McCall and Guyer [1994], and Guyer et al. [1995], the nature and response
of the building blocks responsible for the observed behavior is apparent in the STZ model. This, coupled with
the fact that no ad hoc assumptions regarding the response of each constituent grain or the macroscopic
stress-strain behavior are made, makes the STZ model particularly powerful and valuable for making predic-
tive statements about the nonlinear acoustic properties of glass bead packs and other classes of granular
materials. Thus, the present work represents an important step forward in refining our understanding of non-
linear elasticity. Further measurements in parameter regimes beyond those reported in this article may help
better constrain parameters such as the variation of the STZ transition rate R0 with the external load and aid
the extrapolation of the STZ model well into the fault scale.

It is of interest to note that the compactivity 𝜒 that is needed to fit the experimental softening data (here
𝜒 ∼ 0.065–0.08, corresponding to an STZ densityΛbetween(10−7) and(10−6)) is substantially lower than
that used to describe observations such as stick slip in dynamic shear experiments (where 𝜒 ∼ 0.3, corre-
sponding to Λ ∼ (10−2)) [see, e.g., Lieou et al., 2017a]. This is not surprising; in shear experiments there is
a substantially larger number of grain rearrangement occurrences and therefore a substantially higher den-
sity of STZs, in order for the granular layer to be able to flow. Here in the confined glass bead pack driven
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by pressure waves, local contact changes and granular rearrangements are comparatively rare. The glass
beads are almost completely jammed, with only a few rattlers, necessitating a lower compactivity 𝜒 .

Here we assume that the compactivity𝜒 increases with the dynamic strain amplitude 𝜖dyn (equation (29). Said
differently, an increased dynamic strain amplitude creates more STZs in the densely packed granular medium
and “loosens” the packing. Indeed, this is the simplest and most physical scenario that one can imagine. The
compactivity by definition measures the configurational disorder in the granular packing and can increase by
external disturbances such as shaking [Lieou et al., 2014], which has been shown to result in a more disordered
state by increasing the amount of deformation throughout the material [Griffa et al., 2011]. (The functional
form of 𝜒(𝜖dyn) is the single place in the theory where we make an empirical fit. Its qualitative behavior, how-
ever, is entirely physical. It may be worth investigating if one can predict equation (29) from first principles
alone.) One might be tempted to make alternative assumptions, such as an STZ void volume 𝜖Z that increases
with the strain amplitude 𝜖dyn. Such alternative pictures are not particularly sensible. Because 𝜖Z is the vol-
ume, in units of the typical grain size, that needs to be present so that grains can be displaced, it should not
depend on the strain amplitude.

The STZ theory was originally developed broadly for amorphous solids [e.g., Falk and Langer, 1998; Langer,
2008; Falk and Langer, 2011]; in those materials with atoms or molecules as the basic building blocks, STZs are
simply atomic environments that are susceptible to atomic rearrangement, and the compactivity is replaced
by a thermodynamically defined effective temperature that is related to the potential energy [Falk and Langer,
2011]. Because the mathematical framework stays intact, the STZ theory ought to be able to describe non-
linear softening in consolidated, amorphous rock materials, in addition to unconsolidated granular earth
materials as discussed in this article.

A much more interesting question pertains to whether theories of this kind can describe the observed nonlin-
earities in the resonance behavior of polycrystalline earth materials[Guyer and Johnson, 2009]. The STZ theory
does not apply in polycrystalline materials, where the defects are not two-state STZs but dislocations which
may become mobile under external stresses. Recent studies [e.g., Langer et al., 2010; Langer, 2015, 2016, 2017;
Lieou et al., 2017b] show that the dislocation density is also controlled by an effective-disorder temperature
and may be influenced by thermal activation. Can we pursue an effective-temperature theory of nonlinear
resonances in a piece of polycrystalline material, along similar lines as in the present article? How does the
thermal temperature control the softening behavior? What is the role of grain boundaries? To what extent do
dislocations contribute to the nonlinear softening? It will be interesting to find out.

Recent advances in dynamic acoustoelastic testing (DAET) [e.g., Rivière et al., 2015, 2016] has enabled the
detailed measurement of the nonlinear elastic behavior in rock materials for individual stress-strain cycles,
beyond averaged quantities over all phases and frequencies. In situ DAET measurements have become pos-
sible [Renaud et al., 2014]. Will the richer data set provide us with clues to relate the compactivity to the strain
amplitude and the modulus shift? Can in situ testing of fault materials provide us with guidance on upscaling
this model from the laboratory to the fault? These are important questions that we hope will be addressed in
the future.
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Erratum

In the originally published version of this article, an incorrect version of Figure 4 was published. The figure has
since been corrected and this version may be considered the authoritative version of record.
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